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Motivation

Example
Consider a binary Hypothesis:

H1 X Npl(X)
HO X Npo(X)

Based on a sequence of independent observations 1, %o, -+ , x,, design the ML
test.



Log-likelihood Ratio (LLR) of Independent Samples

Consider a sequence of idependent and identically distributed (i.i.d.) random
variables (RVs) X1, Xo,- -+, X, ~ pm(z), for m € {0,1}. For a given observation
Tr = [xhx?v"' ;xn]

» Likelihood ratio

> Log-likelihood ratio (LLR)

log L(z) = Zn: log h (wz)

» Normalized LLR

T :1 S o p1(x;)
Ae) n;1 gpo(l"z‘)

Since x is a random vector, A(x) is a random variable.
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Convergence of Normalized LLR

» Strong Law of Large Numbers
Consider a sequence of i.i.d. RV X3, X5, -+ with E(X;) = u. Then the

sample mean, ,, := %Z?:l x;, converges to the expected value p almost

surely (a.s.) as n — oo,
1~ as,
Ty = — E r; — W, whenn — oo
n
i=1

which means Pr (lim,, 0o T, = ) = 1.

> Convergence of A(z): Assume X ~ g(x). Then as n — oo,

1 pl(mi) a.s. |: p1(X)]
Alz) = — lo — E, |lo , when n — o0
@)= 2 b8 6 8 po(X)

where ¢(z) could be the same or different as p,, ().



Kullback-Leibler (KL) Divergence

The KL divergence between from distribution p;(z) to po(z) is

2O

D(pylpo) = Ey, [log

» Continuous RV

Do) = [ 10g 220 py (e)ds

» Discrete RV
D(p1llpo) = Zlog P )P (X = zx)

» KL divergence measures the non-symmetric difference between p; (z) and
po(z)
> Note that D(p1|lpo) # D(pol|p1) in general



Example

Consider Bernoulli distributions P, ~ Bernoulli(p,), for m = 0,1. Find
D(PIHPO) and D(P()le)



KL Divergence Properties

> Gibb's inequality
D(p1lpo) =0
Proof: Jensen's inequality: E [log(X)] < log (E(X))

Dlpalln) =By, f1og 240 = -, [los 202

> —log <EP1 {i?g;])
)

> D(p1llpo) = 0 if and only if (iff) p1(x) = po(z)




Example

Consider a binary Hypothesis: Hy : X ~ p1(X) and Hp : X ~ po(X). Based on a
sequence of i.i.d. observations x1,xs2, - ,x,, design the LRT.

» The ML test is

» When n — oo, %log)\—>0

> Hy: AelH) “% By, [log 23] = D(papo) > 0.
Thus Pup > 0 as n — oo

> Ho: Aa|Ho) “% By, [log 263] = ~D(pollp1) <0

Thus Pea — 0 as n — oo



KL Divergence of Gaussian Distributions

Example
Find the KL divergence from p; ~ N (u1,02) to po ~ N (o, 0?)

Answer: D(p1]||po) = %
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KL divergence of multivariate Gaussian RV
The KL divergence from p; ~ N (1, %1) to po ~ N (10, Xo) is

1 - B det ¥
D(p1llpo) = 3 tr(X5 " S1) + (ko — 1) Sg (ko — 1) — n + log (det Z?)]

where n is the dimension of the RV.

» Special Cases:
» If Yo = X1, then

1 _
D(p1lpo) = §(Mo — )85 (o — p1) = D(pollp1)

> If Mo = U1, then

1 _ det X
D(p1|lpo) = 3 tr(X; 'S1) — n+log <det E?)}
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Example
Consider a binary Hypothesis: H; : X ~ N (u1,0%1,) and Hy : X ~ N(po, 0°L,).
where X is an n dimensional vector. Find the ML detector and FP..
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Solution:

> ML test:
o —mlP E =l pol?
i
Hy 1
y= (1 —po)'z = Z(ufpm —pdmo)=A
Hy 2

> ylH; ~ Ny a,, 05 1,
fyl e = (1 — ,UO)T,U07 Ui\HU = 02HM1 - ,UOH2

> Pea = Pr(y > A\Hp) = Q <m> =Q (H#l;auo\l) _

ollpr—poll
@ (VI ) = ({100 m)

1
P, = moPra +mPup = Q ( 2D(P1P0)>
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Example
Consider a binary Hypothesis:

Hy: X ~ N(ag,0?)

Hy: X ~ N(ay,0?%)

Where X is a scalar. If we have n i.i.d. observations x1,xo, - ,x,, find the ML
detector and P..

» Solution: Let y; = [a;, a4, ,a;])T

Pe—Q< W)—Q( W)—Q( )

_ (a1—ap)®

where D(p1]|po) o7
Can we get P. if X is non-Gaussian distributed?
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Bounding Error Probabilities

Hoedings Inequality
If Z1,Z5, -+ ,Z, arei.i.d. and a < Z; < b, then

1 " 2ne?
Pr| =57 —E[Z <o
r(n; [}>e>_e
1 — 2ne2
pr|Elz - ~S 2z <
r| E[Z] n; >e| <e

where ¢? = (b —a)%.
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Bounding Error Probabilities

Theorem

Consider a binary Hypothesis: H; : X ~ po(X) and Hy : X ~ p;(X). Assume
0<a<pzr)<B<oo fori=0,1. Based on a sequence of i.i.d. observations
X1, Xa, -+, Xy, then for ML test

2

Prp < exp <—02nD2(P0||p1))
2 o

PMD S exp _gnD (plllpo)

where ¢? = 4log? g
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Sketch of Proof

H
> Let Z; =log 55, A, = LY | Z;. The ML test is A, 51 0
0

X
» E[Z;i|Ho] = —D(po|lp1), E[Zi|H1] = D(p1llpo)

Pra = PI‘(An > 0|H0) = PI‘(An — E[ZZ|H0] > —E[Zi|H0]|H0)

2
< exp (CQHDQ(pollpl))

2
where ¢ = (b—a)? = (logg —log %) =4log? 2

[e3

PMD = PI‘(An < 0|H1) = PI‘(An — ]E[ZZ|H1] < 7E[Zi|H1]|H1)

2
< exp <—02nD2(P1P0))
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Example
Consider a binary hypothesis:

Hy :X ~ Bernoulli(0.3)
H,y :X ~ Bernoulli(0.5)

Find D(P1||P0) and D(P()”Pl)
Based on a sequence of i.i.d. observations z1,--- ,z,, design the ML test
What is the upper bound of Pra?

vV vV v v

How many i.i.d. samples do we need to achieve Pgp < 0.17
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Solution:

>

1(X) 0.5
—0.5log —2 log —2 = 2
(%) 050g +05 og 0.087

D(P[|Py) = Eq [log 07

(X) 0.7
D(Py||Py) = Eg [1ogp X)] 0310g—+0710gﬁ_00823

v

Under Hy: 0.3 < Pr(X = z;|Hy) <

Under Hy: Pr(X = z;|H1) = 0.5

Thus 0.3 < Pr(X =a4|Hp,) <0.7, «=0.3,8=0.7.
2 =4log” £ = 2.8717

Pea < exp (—2nD*(Py||P1)) = exp(—0.0047n)

v

v

1
—0. < 0. > Al =
exp( 00047n)_01:>n_00047|10g0 1] ~ 490
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