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MMSE Estimator (Scalar Case)

I Mean square error (MSE)

E[(θ − θ̂)2|X = x]

I MMSE Estimator: find θ̂ to minimize the MSE

minimizeθ̂ E[(θ − θ̂)2|X = x]

I Solution:
I E[(θ − θ̂)2|X = x] =

∫∞
−∞(θ − θ̂(x))2p(θ|x)dθ

I Taking derivative with respect to θ̂,

−2

∫ ∞
−∞

θp(θ|x)dθ + 2θ̂(x)

∫ ∞
−∞

p(θ|x)dθ = 0

I Thus

θ̂MMSE(x) =

∫ ∞
−∞

θp(θ|x)dθ = E[θ|X = x]

θ̂MMSE is the posterior mean of θ
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Example
Consider N conditionally i.i.d observations generated according to Xi = A+Wi,
where Wi ∼ N (0, σ2), A is a random parameter uniformly distributed on
[−A0, A0]. A and Wi are independent. What is the MMSE estimator of A?

Solution: Page 314, [M. Kay Volumn 1]. Let X̄ = 1
N

∑N
i=1Xi, σ0 = σ2

N

p(A|x) =
exp

[
− 1

2σ2

∑N
i=1(Xi −A)2

]

∫ A0

−A0
exp

[
− 1

2σ2

∑N
i=1(Xi −A)2

]
dA

=
exp

[
− 1

2σ2

∑N
i=1X

2
i

]
exp

[
− 1

2σ2 (−2ANX̄ +NA2)
]

∫ A0

−A0
exp

[
− 1

2σ2

∑N
i=1X

2
i

]
exp

[
− 1

2σ2 (−2ANX̄ +NA2)
]
dA

=
exp

[
− 1

2σ2
0
(−2AX̄ +A2)

]

∫ A0

−A0
exp

[
− 1

2σ2
0
(−2AX̄ +A2)

]
dA
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Solution (Cont’d)

p(A|x) =
exp

[
− 1

2σ2
0
(X̄2 − 2AX̄ +A2)

]

∫ A0

−A0
exp

[
− 1

2σ2
0
(X̄2 − 2AX̄ +A2)

]
dA

=

1√
2πσ0

exp
[
− 1

2σ2
0
(A− X̄)2

]

∫ A0

−A0

1√
2πσ0

exp
[
− 1

2σ2
0
(A− X̄)2

]
dA

=
1

c

1√
2πσ0

exp

[
− 1

2σ2
0

(A− X̄)2
]
, −A0 ≤ A ≤ A0

where

c =

∫ A0

−A0

1√
2πσ0

exp

[
− 1

2σ2
0

(A− X̄)2
]
dA = Q

(
A0 − X̄
σ0

)
−Q

(
−A0 + X̄

σ0

)
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Solution (Cont’d)
The MMSE estimate is

ÂMMSE = E[A|x] =

∫ A0

−A0

Ap(A|x)dA

=
1

c

∫ A0

−A0

A√
2πσ0

exp

[
− 1

2σ2
0

(A− X̄)2
]
dA

=
1

c

∫ A0

−A0

A− X̄√
2πσ0

exp

[
− 1

2σ2
0

(A− X̄)2
]
dA+ X̄

=
1

c

∫ A0

−A0

σ0√
2π

exp

[
− 1

2σ2
0

(A− X̄)2
]
d

(A− X̄)2

2σ2
0

+ X̄

=
σ0

c
√

2π

[
exp

(
X̄ +A0

2σ2
0

)
− exp

(
X̄ −A0

2σ2
0

)]
+ X̄
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Vector MMSE

I θ ∈ Rp is a vector: θ = [θ1, θ2, . . . , θp]
T

I `(θ, θ̂) = ‖θ − θ̂‖2
I MSE

E[‖θ − θ̂‖2|X = x]

I MMSE

minimizeθ̂ E[‖θ − θ̂‖2|X = x]

I Solution

θ̂MMSE(x) =

∫ ∞

−∞
θp(θ|x)dθ = E[θ|X = x]

i.e., θ̂i = E[θi|X = x] =
∫
θip(θi|x)dθi, i = 1, 2, . . . , p

I This is the MMSE estimator that minimizes E[(θ̂i − θi)2].

I The vector MMSE estimator E[θ|X = x] minimizes the MSE for each
component of the vector parameter!
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Example
If θ and x are jointly Gaussian so that

[
θ
x

]
∼ N (µ,C)

where

µ =

[
µθ
µx

]
C =

[
Cθθ Cθx

Cxθ Cxx

]
.

Find the MMSE estimator of θ based on x.
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Solution: Review: X,Y are joint Gaussian random vectors. Conditional pdf of Y
given X = x is still Gaussian, with

µY |X(x) = µY + ΣY XΣ−1X (x− µx)

ΣY |X(x) = ΣY − ΣY XΣ−1X ΣTY X

θ̂MMSE = E[θ|x] = µθ|x(x) = µθ + CθxC
−1
xx (x− µx)

The solution is linear in x!

9



Example
Consider N conditionally i.i.d observations generated according to Xi = A+Wi,
where Wi ∼ N (0, σ2), A is a random and A ∼ N (0, σ2

A).A and Wi are
independent. What is the MMSE estimator of A?

(Example 10.1 on Page 317, [M. Kay Volumn 1].)
Solution:

I Let X = [X1, · · · , XN ]T , then X ∼ N (µx,Cx)

µx = 0, Cx = σ2
APN + σ2IN

where PN is a size N ×N all-one matrix.

I Based on the relationship (aPN + bIN )−1 = − a
b(Na+b)PN + 1

b IN , we have

C−1x =
1

σ2
IN −

σ2
A

σ2(Nσ2
A + σ2)

PN
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Solution: (Cont’d)

I

cAx = [σ2
A, · · · , σ2

A] = σ2
A1TN

where 1N is a length-N all-one column vector.

I The MMSE estimate is then

ÂMMSE = µθ + CθxC
−1
xx (x− µx) = cAxC

−1
x x

=

(
γ01

T
N − γ0

Nγ0
Nγ0 + 1

1T
)

x

= (γ0 − γ0
Nγ0

Nγ0 + 1
)

N∑

i=1

xi

=
γ0

γ0 + 1
N

X̄ =
σ2
A

σ2
A + 1

N σ
2
X̄ = ÂMAP

where X̄ = 1
N

∑N
i=1Xi and γ0 =

σ2
A

σ2
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Performance Metrics of Estimators

I Estimation error: e(θ, x) := θ̂(x)− θ ⇒A random variable!

I Bias b:
bias(θ̂) := Eθ,x[e] = Ex[θ̂(x)]− Eθ[θ]

I If bias(θ̂) = 0, Ex[θ̂(x)] = Eθ[θ], θ̂ is an unbiased estimator of θ.
I If bias(θ̂) 6= 0, Ex[θ̂(x)] 6= Eθ[θ], θ̂ is an biased estimator of θ.

I Error Covariance Matrix:

Σe = E[(e− b)(e− b)T ]

E[eeT ] = Σe + bbT
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Performance Metrics of Estimators (Cont’d)

I Bayesian Mean Square Error (BMSE)

BMSE(θ̂) = Eθ,x‖θ − θ̂(x)‖22
= E[eTe] = tr(E[eeT ])

= tr(Σe) + tr[bbT ]
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Performance of Scalar MMSE

I e(x, θ) = θ̂MMSE(x)− θ = E[θ|X = x]− θ
I bias b = Ex,θ[e(x, θ)] = Ex[E[θ|X = x]− Eθ[θ] = Eθ[θ]− Eθ[θ] = 0

MMSE is an unbiased estimator!

I MMSE minimizes Eθ[‖θ̂ − θ‖2|X = x] for all x, thus it minimizes the BMSE

E[‖θ̂ − θ‖2] = Ex

[
Eθ[‖θ̂ − θ‖2|X = x]

]

Bayesian MSE is defined as E[‖θ̂ − θ‖2], thus MMSE minimizes BMSE.

I Variance of e: var(e) = E[(θ̂MMSE(x)− θ)2] =minimum BMSE
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Performance of Vector MMSE

I e(x,θ) = θ̂MMSE(x)− θ = Eθ[θ|X = x]− θ

I bias b = Ex,θ[e(x,θ)] = Ex,θ[Eθ[θ|X = x]− θ] = E[θ]− E[θ] = 0
Vector MMSE is unbiased!

I Error Covariance Matrix:

Σe = E[(e− b)(e− b)T ] = E[eeT ]

I Bayesian MSE E[‖θ̂ − θ‖2], thus Vector MMSE minimizes BMSE.

I The corresponding BMSE= E[eTe] = tr(Σe) =
∑
iE[(θ̂iMMSE(x)− θi)2]
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Example

If θ and x are jointly Gaussian so that [θ,x]T ∼ N (µ,C), where µ =

[
µθ
µx

]
and

C =

[
Cθθ Cθx

Cxθ Cxx

]
. Find the error covariance matrix of the MMSE estimator.

Solutions: θ̂MMSE = E[θ|x] = µθ + CθxC
−1
xx (x− µx)

Σe = E[(θ − θ̂)(θ − θ̂)T ]

= E[(θ − µθ)−CθxC
−1
xx (x− µx)][(θ − µθ)−CθxC

−1
xx (x− µx)]T

= Cθ −CθxC
−1
xxCxθ −CθxC

−1
xxCxθ + CθxC

−1
xxCxxC

−1
xxCxθ

= Cθ −CθxC
−1
xxCxθ
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Example
Consider N conditionally i.i.d observations generated according to Xi = A+Wi,
where Wi ∼ N (0, σ2), A is a random and A ∼ N (0, σ2

A).A and Wi are
independent. What is the error variance of the MMSE estimator of A?

Solutions:

I σ2
e = Cθ −CθxC

−1
xxCxθ

I Cθ = σ2
A, Cθx = σ2

A1TN , C−1x = 1
σ2 IN − σ2

A

σ2(Nσ2
A+σ2)

PN

I

σ2
e = σ2

A − σ2
A1TN

(
1

σ2
IN −

σ2
A

σ2(Nσ2
A + σ2)

PN

)
σ2
A1N

=
σ2
A

Nγ0 + 1
=

σ2
Aσ

2

Nσ2
A + σ2
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Example
Assume

xn = a cos(2πf0n) + b sin(2πf0n) + wn, n = 0, 1, . . . , N − 1

where f0 = 1/N , and w[n] is WGN with variance σ2. It is desired to estimate
θ = [a, b]T , under the assumption that θ ∼ N (0, σ2

θI), and θ is independent of
w[n]. Find the MMSE estimator of θ.

Note x = Hθ + w, where H =




1 0
cos 2π/N sin 2π/N

...
...

cos 2π(N − 1)/N sin 2π(N − 1)/N


 Find

the MMSE estimator and error covariance matrix.

Solutions:
x and θ are jointly Gaussian distributed

θ̂MMSE = E[θ|x] = µθ + CθxC
−1
xx (x− µx)
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Solutions: (Cont’d))

I µx = µθ = 0

I

Cxx = E[(x− µx)(x− µx)T ] = E[(Hθ + w)(Hθ + w)T ]

= HCθH
T + Cw

I Cθx = E[(θ − µθ)(x− µx)T ] = E[θ(Hθ + w)T ] = CθH
T

I θ̂MMSE = CθH
T (HCθH

T + Cw)−1x = HT
(
HHT + σ2

σ2
θ
IN

)−1
x

I Error covariance matrix

Ce = E
[
(θ −CθxC

−1
xxx)(θ −CθxC

−1
xxx)T

]

= Cθ −CθxC
−1
xxCxθ

= Cθ −CθH
T (HCθH

T + Cw)−1HCθ

An important lemma:
Cθ −CθH

T (HCθH
T + Cw)−1HCθ = (C−1θ + HTC−1w H)−1
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Linear Minimum MSE (LMMSE) Estimator

I Optimal Bayesian estimators are difficult to determine in closed form, and
computationally intensive to implement.

I Multidimensional integration for MMSE estimator;
I Multidimensional maximization for MAP estimator

I Under jointly Gaussian assumption, estimators can be easily found.
I The MMSE estimator is linear in the observation x.
I The MAP estimator is the same as the MMSE estimator.

θ̂MMSE = θ̂MAP = µθ + CθxC
−1
xx (x− µx)
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Linear Minimum MSE (LMMSE) Estimator

For non-Gaussian case, we want to retain the MMSE criterion, but constrain the
estimator to be linear.

I Assume θ ∈ Rn, x ∈ Rk, E[θ] = 0, E[x] = 0.

I Linear estimator: θ̂ = ATx, A ∈ Rk×n

minimizeA Eθ,x[‖θ − θ̂‖22]

subject to θ̂ = ATx

I For Gaussian case, the LMMSE estimator is the same is MMSE estimator.
I For non-Gaussian case, the LMMSE estimator is sub-optimum compared to

the MMSE estimator (which is generally non-linear)
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LMMSE Estimator

I Let θ̂ = ATx, we want to find the A to minimize BMSE Eθ,x[‖θ̂ − θ‖22].
Solutions:

BMSE(A) = E[‖θ −ATx‖2]

= E
[
tr
(

(θ −ATx)(θ −ATx)T
)]

= tr
(
E
[
(θ −ATx)(θ −ATx)T

])

= tr
(
Σθθ −ATΣxθ − ΣθxA + ATΣxxA

)

I Set ∂BMSE(A)
∂A

= 0 ⇒ −2Σxθ + 2ΣxxÂ = 0

Â = Σ−1
xxΣxθ

θ̂LMMSE = ΣθxΣ−1
xxx

I ΣθxΣ−1xx is often called the Wiener Filter.
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LMMSE Estimator

I If E[θ] = µθ, E[x] = µx.

I Let the estimator be in the form θ̂ = AT (x− µx) + d.

I Then,
θ̂LMMSE = µθ + ΣθxΣ−1xx (x− µx)

I It is identical to the Gaussian MMSE estimator.

θ̂MMSE = µθ + ΣθxΣ−1xx (x− µx)

I LMMSE is unbiased.
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Error Covariance Matrix and BMSE

I Error Covariance Matrix

Σe = E[(θ − θ̂)(θ − θ̂)T ]

= E[(θ − µθ)− ΣθxΣ−1xx (x− µx)][(θ − µθ)− ΣθxΣ−1xx (x− µx)]T

= Σθ − ΣθxΣ−1xxΣxθ − ΣθxΣ−1xxΣxθ + ΣθxΣ−1xxΣxxΣ−1xxΣxθ

= Σθ − ΣθxΣ−1xxΣxθ

I BMSE

BMSE(Â) = E[‖θ − ΣθxΣ−1xxx‖2]

= tr(Σθθ − ΣθxΣ−1xxΣxθ)

I This is identical to the BMSE for Gaussian MMSE estimator as well.

I In general (non-Gaussian case), LMMSE estimator gives a higher BMSE than
MMSE estimator.
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Example
Let x = Hθ + w, where θ ∼ N (0, σ2

θI), w ∼ N (0, σ2I) are independent. Find
the LMMSE of θ.
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Orthogonality Principle

Let θ̂ = ΣθxΣ−1xxx be the LMMSE estimator. Then

E[(θ − θ̂)xT ] = Σθx − ΣθxΣ−1xxΣxx

= 0

In other words, the error e = θ̂ − θ is orthogonal to the data x.
Each θ̂i − θi is orthogonal to every component in x.

ECE 830 Fall 2011 Statistical Signal Processing

instructor: R. Nowak

Lecture 20: Bayesian Linear Estimators

1 Linear Minimum Mean Square Error Estimator

Suppose our data is x 2 Rn , a random vector governed by a distribution p(x|✓), which depends on the pa-
rameter ✓. Moreover, the parameter ✓ 2 Rk is treated as a random variable with E[✓] = 0 and E[✓✓T ] = ⌃✓✓.
Also, assume that E[x] = 0 and let ⌃xx := E[xxT ] and ⌃✓x := E[✓xT ]. Then, as we saw in the previous
lecture, the linear filter that provides the minimum MSE is given by:

bA = arg min
A2Rn⇥k

E
⇥
k✓ � AT xk2

2

⇤

bA = ⌃�1
xx⌃x✓

The linear minimum MSE estimator (LMMSE) estimator is:

b✓ = bAT x = ⌃✓x⌃
�1
xx x.

2 Orthogonality Principle

Let b✓ = ⌃✓x⌃
�1
xx x be the LMMSE estimator, defined above. Then

E
⇥
(✓ � b✓)T x

⇤
= E

⇥
tr
�
✓ � b✓)xT

�⇤

= tr
�
⌃✓x � ⌃✓x⌃

�1
xx⌃xx

�

= 0 .

In other words, the error (✓ � b✓) is orthogonal to the data x. This is shown graphically in Fig. 1.

Figure 1: Orthogonality between the estimator b✓ and its error ✓ � b✓.

The orthogonality principle also provides a method for deriving the LMMSE filter. Consider any linear
estimator of the form b✓ = BT x. If we impose the orthogonality condition

0 = E
⇥
(✓ � b✓)xT

⇤
= ⌃✓x � BT⌃xx

1
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Another Way to Derive LMMSE Estimator

I LMMSE Estimator can be derived based on the orthogonality principle.

I Consider any linear estimator of the form θ̂ = BTx. If we impose the
orthogonality condition

0 = E[(θ − θ̂)xT ] = Σθx −BTΣxx

I Then, BT = ΣθxΣ−1xx = AT

I Error Covariance Matrix

Σe = E[(θ − θ̂)(θ − θ̂)T ] = E[(θ − θ̂)θT ] + E[(θ − θ̂)xTAT ]

= E[(θ − θ̂)θT ] = Σθ −ATΣxθ

= Σθ − ΣθxΣ−1xxΣxθ
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Example
Suppose we model our detected signal as x = Hθ + w, where x ∈ Rn, θ ∈ Rk,
Hn×k is a known linear transformation, and w is a noise process. Furthermore
assume that E[w] = 0 , E[wwT ] = σ2

wIn×n, E[θ] = 0, E[θθT ] = σ2
θIk×k. In

addition, assume we know that the parameter and the noise process are
uncorrelated, i.e., E[θwT ] = E[wθT ] = 0. What is the LMMSE estimator?
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