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MMSE Estimator (Scalar Case)
> Mean square error (MSE)
E[(6 — )% X = a]
» MMSE Estimator: find § to minimize the MSE
minimize; IE[(6 — 0)2|X = ]

» Solution: ) )
> E[(0 - 0)*|X = 2] = [* (0 — 0(x))*p(0])d0

e}
(oo}

» Taking derivative with respect to 6,
-2 /Oo 0p(0)z)do + 20(x) /Oo p(6|z)do = 0
> Thus
Onmse () = /Oo 0p(0|z)do = E[A| X = x|

éMMSE is the posterior mean of 6
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Example

Consider N conditionally i.i.d observations generated according to X; = A + W,
where W; ~ N(0,02), A is a random parameter uniformly distributed on

[—Ap, Ao]. A and W; are independent. What is the MMSE estimator of A?
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Solution: Page 314, [M. Kay Volumn 1]. Let X = &£ S X;, 09 = &

exp |~k S (X — 4)?]
4, exp [ 27 Loy (Xi — A)Q] dA
exp [~ 5k T, X2] exp [~ g2 (-24NX + NA2)]
S5, exp [k LI, X2] exp [~ 5k (—24ANX + NA2)] dA

p(Alx) =

exp {—ﬁ(—QAX + AQ)}

fj‘zo exp {—%(—QAX + AQ)} dA




Solution (Cont'd)

Ao
A \/%0'0 exp {—ﬁ(z‘l - X)Q} dA

1 1 1 -
_ - _ ——— (A—-X)? , —Ag<A<A
C\2mog exp{ 20(2)( )} 0=4=20

where

_ [ L e (A =X\ A+ X
c_/_AO\/ﬁaoeXp{ QUS(A X)}dA_Q< o0 ) Q( o0 )




Solution (Cont'd)
The MMSE estimate is

Ao

Amwvse = E[Alx] = / Ap(Alx)dA
— Ao

1 (A A 1 _
=— [ ———exp|-:5(A-X)?|dA
¢ /Ao NeZZ { 203( ) }

1 [ A-X 1 _ _
=- exp |——5(A—X)?|dA+ X

C/—Ao V2mog Xp|: 20(2)( ) :|

1 Ap o0 |: 1 B 2:| (A_X)Q
= - —exp |——= (A - X)*| d—5— +

c /—Ao V2r P 203( ) 202

oo X + AO X - Ao =
= - X
V2w [exp ( 203 ) exp < 203 +




Vector MMSE

» 0 € RP is a vector: 0 = [01,0s,...,0,]T
> £(0,6) =16 — 6]

» MSE R
E[[|6 - 6]%|X = 2]
» MMSE
minimize; E[||0 — 0] X = ]
» Solution

Brmise () = /_oo Op(6)2)d0 = T[] X — 1]

ie., éz = E[91|X = QT] = fﬂlp(ﬁz\m)dez, 1= 1,2, ..., D
» This is the MMSE estimator that minimizes E[(6; — 6;)?].

> The vector MMSE estimator E[@|X = x] minimizes the MSE for each
component of the vector parameter!
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Example
If @ and x are jointly Gaussian so that

{ z ] ~N(u,C)

where

_ | M _ | Coo Cos

Find the MMSE estimator of @ based on x.



Solution: Review: X,Y are joint Gaussian random vectors. Conditional pdf of Y
given X = z is still Gaussian, with

py|x () = py + Sy x I (7 — pa)

Yyix(z) =Xy — YyxSET

Onmse = B0]x] = pg), (%) = py + Co.C7} (x — p,,)

The solution is linear in x!



Example

Consider N conditionally i.i.d observations generated according to X; = A + W;,
where W; ~ N(0,0?), A is a random and A ~ N (0,0%).A and W; are
independent. What is the MMSE estimator of A?

(Example 10.1 on Page 317, [M. Kay Volumn 1].)
Solution:

» Let X = [X1, -, Xn]T, then X ~ N (p,,C,)
Ky = 07 CJC = 0'124PN + U2IN

where Py is a size N x N all-one matrix.

» Based on the relationship (aPy + bIy) ! = —mPN + %IN, we have
1 o2
Cl=—Iy-——4 P
z o2 N 02(No?% + o?) N
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>

Solution: (Cont'd)

CAz = [03-1»"' ,02] = 0124171\}
where 1y is a length-N all-one column vector.
» The MMSE estimate is then

Ammse = g + Co.Cot (x — p,) = €4,C; '
= (1% —
(’YO N ’YON

N~ 17

_— X
Yo +1 >
N

N
= —_ —_— ‘ri
(0 %N%—i—l)z

0

i=1
2
o _ ~
1 ! ;X = Auap
Yt N TA T NO
v 1 N o "2A
where X = %> .-, X;and 90 = 24
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Performance Metrics of Estimators

» Estimation error: e(6,x) := 6(x) — 6 =A random variable!

> Bias b: . R
bias(0) := Eg ,[e] = E[0(x)] — Eg[0]
> If blas(é) =0, E, [G:(x)] Eg[6], 6 is an unbiased estimator of
> If bias(0) # 0, E,[0(x)] # Eg[6], 6 is an biased estimator of 0

» Error Covariance Matrix:

3. = E[(e — b)(e — b)T]
Elee’] = =. + bb”
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Performance Metrics of Estimators (Cont'd)

> Bayesian Mean Square Error (BMSE)

BMSE() = Eq..[|0 — 6(x)|2
= Ele”e] = tr(E[ee’])
= tr(Z,) + tr[bb”]
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Performance of Scalar MMSE
> e(2,0) = Oumse(z) — 0 = B[] X = 2] — 0
» bias b = E, gle(z,0)] = E.[E[0| X = z] — Eg[0] = Eg[0] — Eg[6] =0
MMSE is an unbiased estimator!
» MMSE minimizes Eg][||0 — 0]|2| X = z] for all z, thus it minimizes the BMSE
B[ - 61%) = B, [Eo18 - 021X = ]|

Bayesian MSE is defined as E[[|§ — 6||2], thus MMSE minimizes BMSE.
» Variance of e: var(e) = E[(Omwse(z) — 0)2] =minimum BMSE
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Performance of Vector MMSE

> e(:&e) = éMMSE(CU) -0 = E9[0|X = x] -0
> bias b =E,gle(z,0)] = E, 9[Eg[0| X = 2] — 0] = E[0] —E[0] =0
Vector MMSE is unbiased!

» Error Covariance Matrix:
3. = E[(e — b)(e — b)’] = E[ee”]

» Bayesian MSE E[[|@ — 6||2], thus Vector MMSE minimizes BMSE.
» The corresponding BMSE= E[eTe] = tr(,) = 3, E[(Gimwse () — 6;)?]
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Example
If @ and x are jointly Gaussian so that [0, %] ~ N (u, C), where p = [ ZG ] and

C_ { Coo Coy,

. Find the error covariance matrix of the MMSE estimator.
Cw@ Ca::v

Solutions: Oymse = B[0]x] = py + Co.Col(x — 1)

z. =TE[(0-6)6—6)"]
= E[(0 — pp) — CosCoy (x — 1)](0 — 19) — Co:Coy (x — )"
= CG - CGIC;zlch - CGzcgzlch + Cezcz_zlc:vzc;zlcme
= CQ - CQ:{:C;;&CJI:Q
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Example

Consider N conditionally i.i.d observations generated according to X; = A + W,
where W; ~ N(0,0?), A is a random and A ~ N (0,0%).A and W; are
independent. What is the error variance of the MMSE estimator of A?

Solutions:
» 02 =Cp— Cp,C, . Cyp

2

_ 2 _ 24T (-1 _ 1 o
> Cy = TAs Coy *UA]-N, C$ = FIN - 02(N<72A+<72)PN
>
1 o2
2 2 2T A 2
o =05 —o41 —Iy— ———4%—--PnN | 051N
¢ A AN <a2 0?(No? + a2) A
Ui 0302

:nyo—i-l:Naf\—i—UQ
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Example
Assume

Zn = acos(27 fon) + bsin(27 fon) + w,,n=0,1,...,N — 1

where fo = 1/N, and w(n] is WGN with variance o2. It is desired to estimate
0 = [a,b]T, under the assumption that 8 ~ N (0,02I), and 6 is independent of
wn]. Find the MMSE estimator of 6.

1 0
cos 2w /N sin 27 /N

Note x = HO + w, where H = Find

cos2n(N —1)/N  sin27(N —1)/N
the MMSE estimator and error covariance matrix.

Solutions:
x and @ are jointly Gaussian distributed

Oumse = E[0]x] = pg + Co.C,)} (x — p1,.)
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Solutions: (Cont'd))

> U, = g = 0

>

Car = E[(x — p,)(x — p1,)"] = B[(HO + w)(HO + w)]
=HCyH" + C,,
> Co = E[(0 — pp)(x — p,)7] = E[O(HO + w)T] = CoHT
. ) )

> Oumse = CoHT (HCyH” + C,,)~'x = H” (HHT + %LV) x

» Error covariance matrix

C.=E[(6 — Cy,C,}x)(0 — Cy,C1x)"]
= Cy — Co2C,, Cup
=Cy — CQHT(HCQHT + Cw)_lHCG
An important lemma:
Cy — CoHT (HCyH” + C,,)"'HCy = (C;l +HTC'H)!
10



Linear Minimum MSE (LMMSE) Estimator

» Optimal Bayesian estimators are difficult to determine in closed form, and
computationally intensive to implement.

» Multidimensional integration for MMSE estimator;
» Multidimensional maximization for MAP estimator

» Under jointly Gaussian assumption, estimators can be easily found.

» The MMSE estimator is linear in the observation x.
» The MAP estimator is the same as the MMSE estimator.

Ovmise = Ovap = g + Co. Col (x — 1)
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Linear Minimum MSE (LMMSE) Estimator

For non-Gaussian case, we want to retain the MMSE criterion, but constrain the
estimator to be linear.

» Assume 0 € R”, x € R, E[f] =0, E[x] = 0.

» Linear estimator: @ = ATx, A € RF*»

minimizea  Eg . [||0 — é”%]

subject to 0=A"x

> For Gaussian case, the LMMSE estimator is the same is MMSE estimator.
» For non-Gaussian case, the LMMSE estimator is sub-optimum compared to
the MMSE estimator (which is generally non-linear)
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LMMSE Estimator

> Let @ = ATx, we want to find the A to minimize BMSE E@T[Hé — 03]
Solutions:

BMSE(A) = E[[|6 — ATx|?]
E[tr((e — ATx)(0 - ATX)T)}

tr(E[(e — ATx)(0 — ATx)TD
=tr(Sep — ATE,0 — Lo, A+ ATYE,,A)

> Set 2BMSEM) _ . o5, 4 o5,,A =0

A=%.%

; —1
OLmmsE = Xoo Xz X

> Yy, 2.1 is often called the Wiener Filter.
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LMMSE Estimator

> If E[0] = py, E[x] = p,.
> Let the estimator be in the form 8 = AT (x — p,,) +d.
» Then,

Oummise = g + Tou X0 (x — p1)

» It is identical to the Gaussian MMSE estimator.

Ommse = Hg + oo Doa (x — py)

LMMSE is unbiased.

v
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Error Covariance Matrix and BMSE

» Error Covariance Matrix

Z. =E[(0-6)(6—6)"]
= E[(0 — ) — oo X0 (x — 11,)][(0 — pg) — Sou Ty (x — p1y)]"
= 29 - ZemE;zl 210 - EGIZ;Q;IEJCG + EGxE;zl Eza:Z;zl Ez@
== 29 - 29?27,1 E:1:9
» BMSE

BMSE(A) = E[||6 — Yo, 5, x||*]
= tr(zgg — ngE;xlExe)

» This is identical to the BMSE for Gaussian MMSE estimator as well.

> In general (non-Gaussian case), LMMSE estimator gives a higher BMSE than
MMSE estimator.
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Example
Let x = HO + w, where 8 ~ N (0,021), w ~ N(0,0°I) are independent. Find
the LMMSE of 6.
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Orthogonality Principle
Let 6 = ¥y, x be the LMMSE estimator. Then
E[(6 — 0)x"] = Sop — L9255 Sas
=0

In other words, the error e = 0—0is orthogonal to the data x.
Each 6; — 0, is orthogonal to every component in x.

Spanof x g
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Another Way to Derive LMMSE Estimator

» LMMSE Estimator can be derived based on the orthogonality principle.

» Consider any linear estimator of the form 6 = B7x. If we impose the
orthogonality condition

0=E[6 - 0)xT] =%y, — B'S,,

» Then, BT =3, 5,1 = AT

» Error Covariance Matrix

Y. =E[6-6)(0-6)"]=E[6—0)6T] +E[6 — 6)x"AT]
=E[(6—0)0T) =%y — AT,
=Y — 20:702;112&79
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Example

Suppose we model our detected signal as x = HO + w, where x ¢ R", 8 € RF,
H,,«% is a known linear transformation, and w is a noise process. Furthermore
assume that E[w] =0 , Efww’] = 621,,x,, E[f] =0, E[80”] = 6311« In
addition, assume we know that the parameter and the noise process are
uncorrelated, i.e., E[@w”] = E[w#”] = 0. What is the LMMSE estimator?
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