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LINEAR REGRESSION MODELS

* Linear regression model

— Assume there is a linear relationship between X and Y

X—— f()

> Y

P
F(X) =080+ > X;8 =1, X")B

J=1

— Linear coefficients (unknown, length-p vector)

.'3 — (13[_] .'rj] s e ey I.{j)p)zr

— Objective: estimate /3 by using training data



LINEAR REGRESSION MODELS

« Linear regression
— A highly simplified approach
— Assume the relationship between X and Y is linear
 True relationships are never linear!

— Can be easily extended to non-linear cases through basis expansions or
kernels.

— Extremely useful both conceptually and practically!




LINEAR REGRESSION MODELS

* Design metric: Residual sum of squares (RSS)
— Giventraining data {(x1.y1). (22, y2).- -, (Zn. yn) }

— Wewantto find 3= (8o, 31,...,0,)" such that we can minimize the
following metric:

» Residual sum of squares (RSS)

RSS(3) = Z(:U-—e — f(xi))?
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LINEAR REGRESSION MODELS

* Residual sum of squares (RSS)
N

2
RSS(8) =Y (y,,,; [, .-r;{ﬁ"],ﬁ)
=1
= ||y — X33
= (y - X3! (y — XB)
— Sample output vector: Y = (Y1, Y2, - ,yn]T

— Data matrix: X
« Size:nx (1+p)
» The first column is a length-n all-one vector



LINEAR REGRESSION MODELS

» Least squares (LS)
— Find 3= (5o, 51,...,/3,)" tominimize

RSS(8) = (v —XB)" (y — XB)
— Solution:

ORSS
8.-‘3

= 2X"'(y - XpB) =0

A= (XTX)"1XTy

e X must be a tall matrix: n+1>p



LINEAR REGRESSION MODELS

« Fitting values at the training inputs X
y=X3=XX"X)"'X"y
— Hat matrix (putahatony) H = X (X’ X) X'

— Geometric interpretation: project y onto the space spanned by the columns
of X

Xy —XpB)=0

o

X1

* Predicted value at any arbitrary inputs (test inputs) xg

st

f(.’lﬁ'[)) = (1 . .’ITU)T:{;



LINEAR REGRESSION MODELS

« Examples
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LINEAR REGRESSION MODELS

« Example: advertising data
— Sales as a function of advertising budget on different media

Sales
Sales
Sales
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LINEAR REGRESSION MODELS

« Example:
— Questions we might ask:

* |s there a relationship between advertising budget and sales?
» How strong 1s the relationship between advertising budget and sales?
« \WWhich media contribute to sales?
» How accurately can we predict future sales?
* Is the relationship linear?
* [s there synergy among the advertising media?

— To answer the above questions, we need to study J’
 Are the values of some elements of f close to 0?
« How confident are we about the estimated values of (3?
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ACCURACY ASSESSMENT: COEFFICIENTS

« To facilitate analysis, assume the true model is linear

— Model
P
Y = B0 + Z ngj +£& = [1, XT]B + €
7=1
— Noise: 9
e ~ N(0,07)
— Training data
y =X+ €

— Estimated coefficients

Fa

f=X'X)"' X'y
—1
= B+ (XTX) X'e



ACCURACY ASSESSMENT: COEFFICIENTS

Distributions of /3
R 1
B =+ (XTX) X1e

E[3] =8
* Unbiased estimator
— Covariance matrix

Var(3) = E[(3-8)(3 - 8] = (X"X) " o?

— Mean

— (3 is a linear transformation of Gaussian random variable

B~ N (Bj (x7x)" 02)



ACCURACY ASSESSMENT: COEFFICIENTS

. Estimation of o2
— o2 isunknown
— To evaluate the accuracy, we need to estimate o* by using the data
— An unbiased estimator of 52

N

‘ 1 r

~ 2 ~ 2
G5 = — E Ui — U
N_—p—1 (vi — i)

i=

I
* The scaling parameter 77— p—1 Is used to make sure the estimation

IS unbiased

E[6%] = o>



ACCURACY ASSESSMENT: COEFFICIENTS

Estimation of 52
— Proofthat  E[5%] = o2

1. y—:i‘f:X(B—B)Jre:—X(XTX)_IXTHE:(IN—H)E

H=X (XTX)_IX

2 Elly - ¥)(y - 9)"] =’y ~ H)(Iy ~ H)" = * (I — H)

HH” = H

3. El|ly —y|*] = o’trace(Iy —H) = (N — p — 1)o?

tr(H) = tr(X(XTX) 1 X?) = o XTX(XTX) ™) = te(I,1) = p+1



ACCURACY ASSESSMENT: COEFFICIENTS

 Standard error |
— The covariance matrix of 3 is Var(3) = (X' X)) 'o?
« Denote the j-th diagonal element of (X7 X)~!s? as V;

* The variance of [3; is

var(f3j) = 0 = 0”v;

» The standard error of S’J IS

SE(B)) = 05, = 0./0j = 6,/v;




ACCURACY ASSESSMENT: COEFFICIENTS

Confidence interval

- since  3; ~ N(8;,SE2(5;))
— Then

P(8; € 3 — 2SE(3)). 3; + 2SE(5;])) ~ 0.95

— 95% confidence interval: the true value 5; falls in the following interval
with a probability of 95%

[Bj — 2SE(3;), B; + QSE(@)]




ACCURACY ASSESSMENT: COEFFICIENTS

e /-score
— Used to test whether 3; = 0
* Thatis, whether there is relationship between X ; and Y
— Hypothesis testing:

HOIB?ZO HIB?%O

— Z-score

s

5T

« If B; =0, then 2 ~IN_p_1
— t-distribution with Vv — p — 1 degrees of freedom

— The probability that Z; is large is very small

— Alarger Z-score means Hy : 3; # 0

a;ﬁtmwﬁﬁgﬁﬂ



ACCURACY ASSESSMENT: COEFFICIENTS

e /-score A
fF
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ACCURACY ASSESSMENT: COEFFICIENTS

* p-value
— The probability that 3; = 0

p=P(B; =0) =pIn_p-1 = 2j)

- Eg. if 24 tl(](] and Zj = 2, then

p=P(B; =0)=p(tn—p-1 = 2j)
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ACCURACY ASSESSMENT: COEFFICIENTS

« F Statistic
— Check the importance of a group of variables
 Z-score or p-value checks the importance of one variable

— Assume we have P1 variables, we can perform linear regression and get
RSS;

— To test the importance of a group of P1 — PO variables,
» setthemto O

« perform linear regression with respect to the remaining pg variables,
we have RSSg

— F statistic

RSSp — RSS1)/(p1 — po)
RBSM(:\T — P1 — 1)

o




ACCURACY ASSESSMENT: COEFFICIENTS

e [ statistic
RSSo — RSS1)/(p1 — po)

I"ﬂ _ (
RSS{/(N —p1 — 1)

— If the group of variables have no relationship with Y, then
RSS; =RSSy =& [ =)
— Alarger F means the group of variables are more important.
— When p1 — po = 1 thatis, dropping a single variable
* the F statistic is the same as z-score

« Under the null hypothesis (those dropped variables are not
Important)
— F statistic follow ', —p, N—p, —1 distribution
— p-value (the probability of null hypothesis)

p =P(Ho) = P(Fp,—pg,N—p—1 > F)

éﬁuuﬁ\ﬁgﬁﬂ



ACCURACY ASSESSMENT: COEFFICIENTS

 Example
— Adbvertising data Z score
Coefficient  Std. error t-statistic p-value
Intercept 2.939 0.3119 9.42 < 0.0001
TV 0.046 0.0014 32.81 < 0.0001
radio 0.189 0.0086 21.89 < 0.0001
newspaper —0.001 0.0059 —0.18 0.8599
TV radio newspaper  sales
TV 1.0000 0.0548 0.0567 0.7822
radio 1.0000 0.3541 0.5762
newspaper 1.0000 0.2283
sales 1.0000
T — —
(i —7)(yi —
COI‘(X:, Y) — Zzzl ( i )(y? y)
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ACCURACY ASSESSMENT: COEFFICIENTS

Example

— Prostate cancer (scatter plot matrix)
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ACCURACY ASSESSMENT: COEFFICIENTS

 Example
— Prostate cancer data

Term Coeflicient Std. Error Z Score

Intercept 2.46 0.09 27.60
lcavol 0.68 0.13 0.37
lweight 0.26 0.10 2.75
age —0.14 0.10 —1.40

1bph 0.21 0.10 2.06

svi 0.31 0.12 2.47

lcp —0.29 0.15 —1.87
gleason —0.02 0.15 —0.15
pge4b 0.27 0.15 1.74

— If we drop age, Icp, gleason, pgg45, then

32.81 — 29.43)/(9 — 5
P 29.4 )/O=5) _ 1 4
29.43/(67 — 9)

* p-value:
PI‘(F4558 > 1.67) = 0.17

9 univirsiTy of Notsignificant
@ ARKANSA



ACCURACY ASSESSMENT: COEFFICIENTS

« Summary:
— Standard error

SE(Bj) = 05, = 0\/Vj = 6\/U;

— 959% Confidence interval

[3; — 2SE(B;), B; + QSE(@)]

— Z-score and p-value

3
2 = p=P(5; =0)=ptn—p-1 = 2j)

NG

— F statistic and p-value

F = (RSS? _ R_.SS1)/(p1 _ ‘p{;}) p=P(Ho) = P(Fplfpo}prlfl > F)
RbS|/(:\T — P1 — l)
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ACCURACY ASSESSMENT: MODEL

* Residual standard error (RSE)
— Use to assesse how good the model fits the data
— Itis a normalized RSS

n—p-—

1 1
RSE = RSS = i — 12
\/ ; \anlZ(y U;)



ACCURACY ASSESSMENT: MODEL

R‘z

Statistic
Between 0 and 1 (1: perfect fit)
Independent of the scale of Y
» RSE depends on the scale of Y (a larger Y will have a larger RSE)

o2 TSS—RSS _ RSS
~TSS T TSS

TSS: total sum of squares

TSS = S (4i — §)? RSS = Zu? —4;)

For linear model, the 12° variable equals to the squared correlation
coefficient betweeny and v

— Cor(Y,Y)?



ACCURACY ASSESSMENT: MODEL

 Example
— Advertising data
— Use (TV, radio, newspaper) to predict sales

R? = 0.8972

— Use (TV, radio) to predict sales

R? = 0.89719
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GENERALIZATIONS

« Classifications
— Logistic regression
— Support vector machines (SVM)
* Non-linearity
— Kernel smoothing
— Splines
— Generalized additive models (GAM)
— Nearest neighbors (NN)
« Shrinkage methods (Regularized fitting)
— Ridge regression
— Lasso
* Interactions
— Tree-based methods
— Bagging
— Random forests
— boosting
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