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CONTINUOUS RV

e Continuous RV

— |If a random variable can take an unaccountable number of values, then the
random variable is a continuous random variable.

— Examples of continuous RV
» The daily average temperature
» The expected lifetime of a computer
« The amplitude of noise in an electronic component



CONTINUOUS RV

e Cumulative distribution function (distribution function)
— The cumulative distribution function (CDF) of a continuous RV is

F, (X) =Pr(X <x)

* The probability that the RV X is smaller than or equal to x
— Recall: the CDF of adiscrete RV Y is F, (y) =Pr(Y <y)



CONTINUOUS RV

* Properties of CDF

0<F (x)<1
Fy (~o0) =0

Fy (o0) =1

Pr(x, < X <x,) =F,(X,)—F, (%)

F, (x) isa non-decreasing function of x
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CONTINUOUS RV

 Example

— A particular random variable has a probability distribution function given

by
1-e, x>0

0, x<0

» What is the probability that X <0.25

» What is the probability that X >0.5

« What is the probability that 0.25<X <0.5

Fx (X) :{



CONTINUOUS RV

» Probability density function (pdf)

— The “density” of probability
— Review: differentiation

dF(x) _im F(x+A)—F(x)

dx A—0 A

— Interpretation:
P(x< X <x+A)

f(X)~ .

P{x< X <x+A}=f(X)A

Sylx)




CONTINUOUS RV

« Relationship between pdf and CDF

fo (9 =2 R 00=" )y

— Pr(X <a)=F (@)= f,(y)dy
Pr(X <b)=F, (0) =] f,(y)dy

Pr(a< X <b) = F, (0)~ F, (a) = [ f, (y)dly

Tyl

— Review: integration

 finding the area under the integrand
Jj fy (Y)dyzz fy (yi)A /\
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CONTINUOUS RV

* Properties of pdf

f(x)>0

Pa<X <b}= [ f(x)dx

[ f0dx=F(0)

[T (dx=1



CONTINUOUS RV
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 Example
— The pdf of a RV X has the form f (X) =5e"*u(x)
* The value of a
* the probability that X<2
« The probability that 1<X <2
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Continuous Random Variable

« Family of continuous RV

«  Moments of Continuous RV

e Gaussian RV
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CONTINUOUS RV
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 Uniform distribution

— Arandom variable X is said to be uniformly distributed over the interval
(a, b) if its pdf is given by

— a<x<b
fy(X)=1b-a <
0, otherwise

» The RV has equal probability of being any number inside (a, b)

1
b—a




CONTINUOUS RV
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 Uniform distribution
— CDF of a uniform RV




CONTINUOUS RV
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 Example

— A continuous RV X is uniformly distributed between (3, 8). Find the
following probability
« Pr(d<X<5b)

. Pr(2<X<5)
. Pr(2<X<9)



CONTINUOUS RV
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Exponential RV

— The pdf of an exponential RV with parameter 4 >0

0 :{ﬂeo 5

— The CDF of an exponential RV

Sx)
x>0

x<0
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CONTINUOUS RV

* Normal RV (Gaussian RV)
— A Gaussian RV X with parameters m and o2

exp{_ (x—m)z}
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CONTINUOUS RV

 Normal RV (Gaussian RV)

f(X)I 1 eXp|:— (X_nz-])z:|

N2 o 20
0.8 0.8
0.6} 0.6
> | 2
3 0.4 :5< 0.4
0 e
—2 0 2 4 6 -2 0 2 4 6
X X
mx =2,0=1/2 my = 2.0 =
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Continuous Random Variable
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MOMENTS: DISCRETE RV
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* The expected value, or mean, of a continuous RV, X, is
E(X) = f‘"’xfX (x)dx

— Recall: discrete RV E(X) =) X py (%)

— Also known as: expected value, mean, average, first moment
— Interpretation

» The weighted average of the random variable

« Recall: integration is an extreme case of summation.
— Also denoted as

E(X)=X=m,



MOMENTS: CONTINOUS RV

20

 Example
— The mean of an RV X uniformly distributed in (a, b)



MOMENTS: CONTINOUS RV
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 Example
— The mean of an exponential RV with parameter 1



MOMENTS: CONTINUOUS RV
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» Expected value of any function of X
E[(X)]=]" g(x) f, (x)dx

— Recall: discrete RV E[g(X)]= 2, 9(x) px (%)

— E(X): the expectation operator )

— The variable of the expectation operator must be a random variable
« XisanRV
* g(X)isan RV

— Also denoted as

E[g(X)]=g(X)



MOMENTS: CONTINUOUS RV
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 \ariance
— The variance of a continuous RV X Is

Var(X) =% = E[(X ~m,)2]= [ (x=m,)? f, (x)dx

— Recall: discrete RV~ 0% =, (% —My ) py (X;)
— Also called: the 2" central moment of X
— Standard deviation: oy

— Physical interpretation
« How far away the random variable is from its expected value
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MOMENTS: CONTINUOUS RV
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* Properties of variance

T oy = E[X* —-m5%

Var[aX + b] = a*Var[X]



MOMENTS: CONTINUOUS RV
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 The n-th moment of the random variable X
E[X"]= f“’x” . (X)dx

— 1stmoment: E[X] mean
— 2nd moment: E[X?]

 The n-th central moment of the random variable X
E[(X —my)"]= [ (x=my)" f, (x)olx

— 1t central moment: E[X-m,]=
— 2 central moment: Ekx “m, )2J= o2 variance

* The combination of all the moments, n=1, 2, ...., gives a complete
description of the random variable
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MOMENTS: CONTINUOUS RV
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 Example
— Find the variance of an RV X uniformly distributed on (a, b)



MOMENTS
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 Example

— Consider arandom variable Y = Acos(24 +®), where A, f are
constants, and @ Is uniformly distributed in [0,27] . Find the expected
value of Y.
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Continuous Random Variable

« Family of continuous RV

«  Moments of Continuous RV

 Gaussian RV

 Functions of one RV
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GAUSSIAN RV

 Normal RV (Gaussian RV)

= \/%-0' exp{— (XZ_GT) }

— The mean and variance are

— The Gaussian RV is completely determined by its first 2 moments.
— Not true for other RVs.
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GAUSSIAN RV

e Galton board
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— A video demonstration
https://www.youtube.com/watch?v=xDIyAOBa yU
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https://www.youtube.com/watch?v=xDIyAOBa_yU

GAUSSIAN RV
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Probability density function (pdf) v.s. Histogram
— years worked of 1820 employees in a cereal factory
Employees of a Cereal Factory 0T ) Normal
200 60+ L L Distribution
Mean = 10.2 yr 152 Z x
SD =4.1yr 50
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— When the bin width goes to 0, histogram =» pdf




GAUSSIAN RV
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« Notation of Gaussian RV
— A Gaussian RV X with mean . and variance 52 is denoted as

X ~ N (m,o°)

 Standard Gaussian RV
— A Gaussian RV with

— Denoted as



GAUSSIAN RV
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* Alinear transformation of a Gaussian RV is still Gaussian
— Consider X ~ N(m,o”) . Define anew RV

Y =aX +0b
— Then Y is still Gaussian distributed

Y ~ N(am + b, a*c®)

« Converting a Gaussian RV to a standard Gaussian RV

— If
X ~ N(m,c?)

— Then X —m

~ N(0,1)

g



GAUSSIAN RV
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e CDF of standard Gaussian random variable
— Let Z ~N(0,1) pe a standard Gaussian random variable, then the CDF

of Zis
| - 2
d(z) = —/ e "2 du.
A/ 27 J -
« Complementary CDF (CCDF) of standard Gaussian random
variable

— Let Z ~ N(0,1)

O(z)=P[Z>z]= \/%_xf e 2 dy =1 - d(2).



GAUSSIAN RV

Table 1: Values of Q(z) lor 0 <z <9

* Q-function table

UNMIVERSITY OF

P ARKANSAS

T € x) T Q(x) T Q(x) T Q)
0.00 0.5 230 0.010724 1.55 2.6823x10°°% | 6.80 5.231x10° 7
0.05 048006 | 2.35  0.0093867 || 4.60 2.1125x10°% | 6.85 3.6025x10~'?
0.10 046017 | 240  0.0081975 || 4.65 1.6597x10°% | 6.90 2.6001x10 12
0.15 044038 || 245  0.0071428 || 470 1.3008x10°% | 6.95 1.8264x10°12
0.20 042074 || 250 0.0062007 || 475  1.0171x10°% | 7.00 1.2798x10° 12
0.25 040129 || 255  0.0053861 | 4.80 7.9333%10°7 | 7.05 8.9459x10- 1%
0.30 038200 | 2.60  0.0046612 || 4.85 6.1731x10°7 | 7.10 6.2378x10° 1%
0.35 36317 || 265  0.0040246 | 4.90 479181077 | .15 4.3389x 10 ¥
040  0.34458 | 2.70 0.003467 495  37107x1077 | 7.20 3010610~
0.45 032636 || 275  0.0020798 || 5.00 2.8665x10°7 | 7.25 2.08309x10~'#
0.50 030854 | 2.80  0.0025551 506  22001x1077 | 7.30 1.4388x10 1
0.55 020116 | 2.85  0.002186 510 1.6983x10°7 | 7.35 9.9103x10""
0.60 027425 | 290  0.0018658 || 5.15  L3024%x10°7 | 7.40 6.8092x10~"
0.65 025785 | 295  0.0015880 || 520 9.9644x10~® | 7.45 4.667x10~"
0.70 024196 | 3.00  0.0013499 || 525 T.605x107% | 7.50 3.1909% 10~
0.75 022663 | 3.05 0.0011412 || 530 5.7901x10~® | 7.55 2176310~
0.80 021186 | 3.10  0.0000676 || 5.35 4.3077x10® | 7.60 1.4807x10~"
0.85  0.19766 | 3.15 0.00081635 | 540 3.332x10°% | 7.65 1.0049x10 11
0.90 018406 | 3.20 0.00068714 || 545 2.5185x10°% | 7.70 6.8033x10°13
0.95 017106 | 3.25  0.00057703 || 550  1.899=10°% | 7.75 4.5046x10 13
.00 015866 | 3.30  0.00048342 || 555 1.4283x10°% | 7.80 3.0054x10 13
1.05 014686 | 3.35  0.00040406 | 5.60  1.07T18x10°% | 7.85 2.0802x10°13
110 013567 || 340 000033693 || 565  8.0224x107Y | 7.90  1.3945x10° 13
1.15 012507 | 3.45  0.00028029 |[ 570 5.9904x10°Y | 7.95 9.3256x10 ¢
1.20 011507 | 3.50  0.00023263 || 5.75 4462231077 || 800  6.221x10716
1.25 010565 | 3.55 000019262 || 5.80 3.3157x107% | 8.05 4.1307x10°'8
130 0.0968 | 3.60  0.00015911 || 5.85 2.4579x107? || B.10 27481076
1.35 0088508 | 3.65 000013112 || 590 1.8175x107% | 8.15 1.8196x10~'%
1.40 0.080757 | 3.70  0.0001078 || 595 L.3407T=1077 | 8.20 1.2019x107'6
145 0073529 | 3.75 8.8117=107" || 6.00 9.8659x10~'" || 8.25 7.9197=10~'7
L.50 0066807 | 3.80 T7.2348x107% || 6.05 7.2423x1071" || 8.30 5.2056x10~'7
L.55 0.060571 | 3.85 5.9050x107% || 6.10 5.3034x1071" || 8.35 3.4131x10"'7
L.60  0.054799 | 3.90 4.8096x107° || 6.15 3.8741x107'" || 8.40 2.2324x10~'7
LG5 0049471 | 3.95 3.9076x10°% || 6.20 2.8232x10° 10 | 8.45 L4565x10°17
170 0.044565 | 4.00 3.1671x107° || 6.25 2.0523x1071" || 8.50 9.4795x<10° 18
175 0040059 | 4.05 2.5600x<107% || 6.30 1.4882x10° 1 || 8.55 6.1544x10° 18
.80 0.03593 | 4.10 2.0658x<10°% || 6.35 1.0766x10-10 || 8.60 3.9858x101¥
1.85 0.032157 | 4.15 1.6624x10°% || 6.40 7.7688x10° 11 | 8.65 25751018
1.90 0.028717 | 4.20 1.3346%107% || 6.45 5.5925x107 1 | 8.70  1.6594x10° ¥
1.95 0025588 | 425 1.0689=107" || 6.50 4.016x1071 || 8.75 1.0668x10~18
200 0.02275 | 430 85399x10°° || 6.55 28769x107! | 8.80 6.8408x10~1¥
205 0020182 || 435 6.8069x107% || 6.60 20558x107 | 885 43761071
210 0.017864 || 440 5.4126x107% || 6.65 1.4655x107'" | 8.90 2792310~
215 0.015778 || 445 4.2035x107% || 6.70 1L.0421x107" | 8.95 1.7774x10"'
2,20 0.013903 || 1.50 3.3077x107% || 6.75 7.3023x107'% | 0.00 1128610~
2,25 0.012224

35



GAUSSIAN RV
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e CDF of Gaussian Random Variable
— Let ¥ ~ N (m, 02) , then the CDF of X'is
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GAUSSIAN RV

« Symmetric property of the Gaussian-Q function & ()

0.5 - - - 0.5

04l m j 0.4 |

03} (i i < 03} /\

0.2} d(z) 021 D(-2) — 1-D(z)

0.1} | 0.1} wﬂﬂ '
0 L - 0 .
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GAUSSIAN RV
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« Example

— Consider X ~ N(m, 52) , What are the probability for the following
events

e X€E[m—o,m+od]

. XE[m—ch?m—l—Qa}

. X € [m—30,m+30]

®(1) = 0.8413, P®(2) = 0.97725, ®(3) =1.35x 1073



GAUSSIAN RV
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 Example
— (Consider a random variable X ~ N(1,4). Find the following probabilities

e Pr(X < —1)
e Pr(X > 3)

e Pr(—1 < X <3)



GAUSSIAN RV
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 Example

— In a digital communication system the probability of a binary error is
P. = Q(y/7), where 7 is the signal-to-noise ratio (SNR). If we want P, <
10~*, what is the minimum ~?
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Continuous Random Variable

« Family of continuous RV

«  Moments of Continuous RV

e Gaussian RV

 Functions of one RV
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FUNCTIONS OF ONE RV
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 Example

— Xisan RV with pdf fx(X) . LetY=aX +b, where aand b are
constants. What is the pdf of Y?



FUNCTIONS OF ONE RV

43

 Example
— If X'is a Gaussian RV with mean 0 and variance 1. Find the pdf of

Y=0X+m



FUNCTIONS OF ONE RV
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 Example
— If X'is a Gaussian RV with mean 0 and variance 1. Find the pdf of

Y=X?



FUNCTIONS OF ONE RV
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 Example
— Let X be an exponential RV with parameter 2 =2 . Find the pdf of Y = X*



