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Abstract—Spectral efficiency is a key characteristic of cellular
communications systems, as it quantifies how well the scarce
spectrum resource is utilized. It is influenced by the scheduling
algorithm as well as the signal and interference statistics, which,
in turn, depend on the propagation characteristics. In this paper
we derive analytical expressions for the short-term and long-term
channel-averaged spectral efficiencies of the round robin, greedy
Max-SINR, and proportional fair schedulers, which are popular
and cover a wide range of system performance and fairness
trade-offs. A unified spectral efficiency analysis is developed to
highlight the differences among these schedulers. The analysis is
different from previous work in the literature in the following
aspects: (i) it does not assume the co-channel interferers to be
identically distributed, as is typical in realistic cellular layouts,
(i) it avoids the loose spectral efficiency bounds used in the
literature, which only considered the worst case and best case
locations of identical co-channel interferers, (iii) it explicitly
includes the effect of multi-tier interferers in the cellular layout
and uses a more accurate model for handling the total co-
channel interference, and (iv) it captures the impact of using
small modulation constellation sizes, which are typical of cellular
standards. The analytical results are verified using extensive
Monte Carlo simulations.

Index Terms—Spectral efficiency, Max-SINR, proportional
fair, round robin, scheduler, lognormal, fading, shadowing.

I. INTRODUCTION

ELLULAR communication systems strive to achieve

high spectral efficiencies in order to efficiently utilize
the scarce and expensive spectrum resource and deliver higher
data rates to users within the limited bandwidth. This needs to
be done in the presence of effects such as large-scale fading,
which arises due to shadowing, and small-scale fading, which
arises due to multipath components, and in an environment in
which aggressive frequency reuse leads to severe co-channel
interference (CCI) from neighboring cells [1]. To achieve the
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desired high spectral efficiencies, third generation and beyond
systems employ advanced techniques such as link adaptation
and channel-aware multi-user scheduling [2], [3].

Spectral efficiency, which measures the average data rate
per unit bandwidth per cell, is an important measure for
quantitatively evaluating the effectiveness of cellular systems.
It plays an important role in system planning, performance
analysis, and optimization. It captures the fundamental trade-
off between the limited spectrum resource and the growing de-
mands of broadband service, and is critical in the planning and
design of cellular systems. For example, decreasing frequency
reuse distance leads to stronger CCI, which results in a smaller
spectral efficiency for each individual user and, thus, a smaller
user-averaged spectral efficiency. However, more aggressive
frequency reuse means more bandwidth per unit area; thus,
more users can be supported in a unit area, and this might
improve the overall spectral efficiency.

An analytical characterization of the spectral efficiency is
quite involved. The presence of CCI and the competition
for radio resources at the scheduler make it very difficult to
extrapolate the multi-cell multi-user system-level performance
results from single transmitter single receiver link-level results,
especially in the presence of fading and shadowing. Therefore,
most performance evaluations thus far have been simulation
studies [2], [4], [5], with many of these using very standard-
specific models. On the other hand, many of the analytical
models for average spectral efficiency (ASE) use simplifying
assumptions that limit the accuracy and applicability of their
results. For example, in [6], an excellent analytical framework
is developed to quantify the ASE of interference-limited
cellular systems in the presence of Rayleigh fading and/or
lognormal shadowing. However, its analysis, and also the
analyses in [7], [8], assume that the mean power of all
the interferers is identical. Consequently, the results derived
become performance bounds that assume that all users are
at the best-case or worst-case locations for interference —
a situation that does not occur in practical settings. The
bounds turn out to be quite loose for small reuse distances, at
which next generation systems will operate. Such an approach
also prevents the inclusion of second-tier interference and
sectorization in the analysis. Though smaller than first-tier
interference, the effect of second-tier interference on spectral
efficiency is not negligible. For example, its inclusion is
mandatory for system-level simulations in the 3GPP and
WiMAX standardization frameworks [9].

To capture the performance of the entire cellular system,
it is also critical that the analysis captures the dynamic
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spectrum sharing among multiple competing users. Most of
the aforementioned works [6], [10] implicitly assume in their
analyses that all users are given equal resources within a
cell, which is valid only for a round-robin scheduling policy.
However, third generation cellular systems and beyond use
channel-aware schedulers that exploit multi-user diversity to
achieve spectral efficiency gains. Therefore, it is of great
importance to incorporate different schedulers into the analysis
and do so in a unified manner that enables them to be
compared. While an opportunistic RR scheduler [11] and a
proportional fair scheduler [12], [13], [14], which achieves a
balance between fairness and system throughput, have been
analyzed, this has been done only for a single-cell system
with Rayleigh fading and no CCI [11], [13], [14]. While [15]
did consider the effect of multi-tier interference and different
schedulers, its analysis assumes that the throughput directly
equals the signal to interference ratio (SIR) at the receiver;
this makes its results applicable only to systems in which the
SIR at each mobile station is very small. While [16] derived
the throughput of different schedulers, it is only applicable to
a single-cell system without any CCI. Thus, there is a great
need to develop an analysis of a multi-cell framework that
incorporates both interference and the non-linear relationship
between throughput and signal-to-interference-plus-noise-ratio
(SINR).

Channel variation in a cellular environment occurs due
to both Rayleigh fading and lognormal shadowing, which
operate on vastly different times scales. While the ‘short-term’
Rayleigh fading typically varies on the order of milliseconds,
the ‘long-term’ shadowing changes over tens of seconds or
more depending on the user mobility. Thus, averaging the
spectral efficiency over short-term Rayleigh fading or long-
term shadowing provides different insights into the system
behavior. Averaging over the fading (conditioned on the shad-
owing) reveals the impact of fading on system behavior over a
short period of time. The long-term behavior of cellular system
can be understood by averaging the instantaneous spectral
efficiency over the lognormal shadowing as well. Doing so
provides guidelines for the design of cellular layouts and the
identification of service coverage areas. Consequently, this
dual timescale approach has also been followed in [6].

This paper presents a general analysis of the spectral
efficiency achievable by cellular systems that factors in the
interactions of all the above mentioned effects, including
scheduling, interference, and wireless channel propagation.
Specifically, it makes the following contributions. It derives
general expressions for the spectral efficiency of (possibly sec-
torized) cellular systems with channel-aware schedulers that
operate with non-identical co-channel interferers. The individ-
ual and combined impacts of both small-scale Rayleigh fading
and large-scale lognormal shadowing are incorporated in the
analysis. The efficiency achieved with the following broad
range of schedulers is analyzed: (i) the Max-SINR scheduler,
which fully exploits the multi-user diversity but is unfair [16],
(ii) the Round-Robin scheduler, which is fair but channel-
unaware, and (iii) the Proportional Fair (PF) scheduler, which
features a tradeoff between fairness and throughput. The new
unified analytical results serve to highlight their performance
differences. The analysis also accounts for the impact of
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small modulation constellation sizes, and is valid for both an
interference-limited system that employs aggressive frequency
reuse and operates closer to peak capability; and a noise- or
coverage-limited system that employs a large frequency reuse
distance.

The rest of this paper is organized as follows. The cellular
system model is introduced in Section II. The short-term
fading-averaged and long-term composite shadowing-averaged
spectral efficiencies of the various schedulers are derived in
Section IIT and Section IV, respectively. Numerical examples
in Section V are followed by our conclusions in Section VI.

II. PRELIMINARIES
A. Cellular System Downlink Model

Consider a cellular system with N users per cell or sector. In
the downlink, each user copes with CCI from M neighboring
base stations (BSs). The received signal at a user, say n, which
has been selected by the scheduler for downlink transmission
can be written as:

M
Tn = hnOan + Z hnmxnrn + Zn,

m=1

ey

where x,0 is the desired signal transmitted by the serving
BS (chosen without loss of generality to have index 0), x,,
is the signal transmitted by an interfering BS m, and z, is
additive white Gaussian noise. The powers of x,0 and z,,
are normalized to unity. The channels are assumed to be flat-
fading; we assume that both BSs and mobile stations (MSs)
have only a single antenna.

The channel coefficient, h,,,, is the instantaneous gain
of the channel between the n-th MS and the m-th BS. It
can be written as Num = \/QpnmGnm, Where oy, includes
the effects of transmission power, pathloss, shadowing, and
directional antenna gain at BS and MS. The small-scale fading
term gy, is modeled as a zero-mean, unit-variance complex
Gaussian random variable (RV). The lognormal probability
density function (pdf) of «,,, is given by

§ (§log, =z — ﬂnm)2
. ()= ———exp |— , x>0,
f nm( ) \/%O’nmx p 20_2 (2)

where iy, and afm are the dB mean and variance, respec-
tively, of the Gaussian RV 10log; &nm, and £ = 10/ log, 10.
Specifically, tnm = Pm—Lo—10plog;o(dnm/do)+A(Onm)+
B(0,m), where Py, is the transmission power (in dBW) of the
m-th BS, Ly is the pathloss (in dB) at a reference distance
do from the BS, d,., the distance of the n-th MS from the
m-th BS, p is the pathloss exponent, A(6,,,,) and B(0,,,,) are
the antenna gains (in dB) of the BS and MS, respectively, and
0 is the angle between the antenna boresight and the line
of sight form the n-th MS to the m-th BS. For example, in
[20], A(0) is specified as

Aw):—mm{m<%>1Ao

where 6y = 70° and Ay = 20 dB for a 3-sector cell, and
6o = 35° and Ay = 23 dB for a 6-sector cell. For a 1-sector
cell, A(6) = 0 dB. B(0,,) is usually set to unity. For cell with

,—180° < 9 < 180°, (3)
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Fig. 1. The geometric layout of a mobile radio system with 19 cells.

multiple sectors, the available bandwidth is equally divided
among the sectors.

The number of interferers depends on the geometric layout
of the cellular system and sectorization. For example, for
the hexagonal layout shown in Figure 1, when only first-
tier interferers are considered, we have M = 6 without
sectorization, M = 2 for 3 sectors per cell, and M =1 for 6
sectors per cell [21]. When the second-tier interferers are also
considered, the corresponding values are M = 18, M =7,
and M = 4. In actual systems, the cell layout depends strongly
on the geography and morphology of the environment, and
the pathloss has to be determined from empirical or ray-
tracing data. We stress that even in this case, the closed-form
equations developed in the next sections are applicable.

The instantaneous SINR, ~,,, at the receiver of the scheduled
user, n, is given by

o Of’nO‘gnO|2
Tn = =M

Zm:l O‘nm‘gnm|2 + l/p7

where p is the fading-averaged signal-to-noise-ratio (SNR). It
is assumed that only one user in each sector is scheduled at
any instant. We assume that neither dirty-paper coding at the
BS nor multi-user detection at the MS are used.

“

B. Spectral Efficiency

Spectral efficiency captures the highest data throughput per
unit bandwidth achievable by the entire cellular system under
the limitations imposed by the system model assumptions.
We, therefore, use the Shannon capacity formula to measure
throughput [6], as it is the maximum throughput the channel
can reliably support given a certain SINR constraint.

The impact of a limited modulation constellation size is
modeled by means of a cap, Cy,ax, on the achievable through-
put per unit bandwidth as follows:

T < Vo (5)

logs (1 + V),
C(’Yn):{ g2( ,Y) Yoo > Yy

maxs
where T' is the maximum allowed modulation constellation
size and Cryax = log,(1 + 7y, ). When no constraint is placed
on the constellation size, we have Ci,ax = 00 and 7, = oo.
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The instantaneous SINR, ~,, varies with respect to time
due to the time-varying nature of the fading channel. Link
adaptation techniques, such as adaptive modulation and coding
(AMC), can be adopted to adjust the data rate based on the
channel condition indicated by the SINR value. The formula
in (5) models the case where capacity-achieving error-free
codes are used and the transmitter adapts its transmission rates
on a continuous scale. Spectral efficiencies of systems with
practical adaptive AMC schemes or uncoded systems can be
obtained by scaling the SINR in (5) with a factor less than
1 [4]; the analytical methods presented in this paper can be
extended to this case also.

The schedulers operate in real time, i.e., at a rate fast enough
to adapt to the small-scale Rayleigh fading variations. Thus,
the formula in (5) gives the expression for the instantaneous
spectral efficiency, which changes as the fading channels of
the multiple users vary with time. The planning of the cellular
layout and the identification of service coverage area necessi-
tate the evaluation of channel-averaged spectral efficiency.

The channel-averaged spectral efficiency for the n-th user
can be written as

Cp = /0 h C)f(y)dy, (6)

where the function, f(v), depends on the specific averaging
operation discussed earlier. For short-term Rayleigh fading-
averaged spectral efficiency, f(y) = f,,|a(7), which is the
conditional pdf of the SINR, ,,, conditioned on the shadowing
coefficients, ay.,,. On the other hand, for long-term (Rayleigh
fading and lognormal shadowing) averaged spectral efficiency,
f(v) = fy, (), with f,, (v) being the unconditional pdf of
the SINR that includes both Rayleigh fading and lognormal
shadowing.

Substituting (5) into (6) and simplifying leads to the fol-
lowing alternative spectral efficiency expression:

Y 1
Cumtorale) [ 1= Pl )
where F(y) = F, |4(7) is the conditional cumulative distri-
bution function (CDF) of -, for short-term fading averaged
analysis, and F'(y) = F,, () is the corresponding uncondi-
tional CDF for fading and shadowing-averaged analysis.

The system-level spectral efficiency of cellular systems
employing the fair round robin scheduler, the greedy Max-
SINR scheduler, and the proportional fair scheduler will be
analyzed in the next two sections under a unified framework.

ITI. SHORT-TERM RAYLEIGH FADING-AVERAGED
SPECTRAL EFFICIENCY

We first consider the impact of short-term fading on system-
level performance by deriving fading-averaged expressions for
the spectral efficiency. If large-scale fading is present, such
an averaging leads to spectral efficiency expressions that are
conditioned on the shadowing.

Lemma /: The pdf of the SINR of the n-th user in a
Rayleigh fading environment can be written as

o | X Qnm -1 v 1
f%\a(’Y):—% H<1+ o ’Y> eXP(—;a—no) .

m=1
(@)
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Proof: The proof is given in Appendix A. ]

The differential form in (8) shall come in handy later on.

It also leads to the following corollary about the CDF of +,,,
which is useful for outage analyses [8].

Corollary /: The CDF of the SINR, 7, of user n in a

Rayleigh fading environment is
-1
V) -9

Prjaln) =1-exp (~1-L) 11
|

Qno

(1 L G

«
P Gno me—1

A. Spectral Efficiency of Round-Robin Scheduler

In a system with the RR scheduler, once a user is served
by the BS, it is not served again until all the other users
in the system have been served. The RR scheduler has the
same average spectral efficiency as a random scheduler, which
schedules all users with the same probability and does not take
into account the channel states of the users. We state, without
proof, the following simple Lemma on the average spectral
efficiency of the RR scheduler.

Lemma 2: The average spectral efficiency of a cellular
system with N users and an RR scheduler is

1 N
C = N Z Chn,
n=1

where C,, is the average spectral efficiency of the n-th user:
Cn = fooo C(’V)f’yn|oz(’7)d’y' u

Thus, C,, is simply the average of all the individual users’
average spectral efficiencies. The above formula was assumed
throughout in [6]—[8], [10], which is why their ASE analyses
apply only to the RR scheduler.

Lemma 3: The Rayleigh fading-averaged spectral effi-
ciency of user n in closed-form is

(10)

L, m{

C, = logy(e) Z By

1 (1)
Bz( ) |:an0:| " ’?i—mgll)e,y(l)
S S i 4 0 4
== G- on) !

Crmax _
x 0t = m®, )~ i = m®, -2
0y 0 o
(1D

b

where I'(k, x) is the incomplete Gamma function [22]. Here,
the (M + 1) variables, {Otnm}f\,f:m are partitioned into L,
subsets, such that each subset contains all and only the
variables with the same value a%l). mg) denotes the cardi-
nality of the [-th subset (Where M+1= ZZLZ”I mg)). Cmax

O] O]

is the maximum rate allowed by the system, 7.’ = pay,’,
. d . @ .
Yno = poamg, and the coefficient 3, is
i-1 W\ ™M 1
) " Qn Anpm
b Oyt ( + OénOrY> H( + o 7)
m=0 _ [e290)
’Y—*a(—l)
(12)
Proof: The proof is given in Appendix B. ]

In a practical setting, the means {anm}i\n/le are distinct
due to different path-losses, shadowing, and antenna gains.
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C,, then simplifies to

M a M a
n0 nm 1
Cy, = logy(€) g €Fnm
— Onm o Opm — Qpyg
m=0 =0
i#Em

1 1 2C0max 1
x {F (O,A—>—F<O,A +7>} (13)
Tnm Tnm Tn0

The overall spectral efficiency of the RR scheduler can
now be computed from the single user values (of Lemma 3)
using Lemma 2. The result in Lemma 3 accounts for the
effects of both noise and CCI. For systems with aggressive
frequency reuse that operate close to peak capability, the
statistical properties of the SINR are dominated by CCI such
that the effect of noise is negligible, i.e., p — oo. Such
systems are interference-limited. When p — 1oo, the CDF
becomes I, o (7) =1— Hi\n/le (1 + ‘Z”‘T?;v) . Substituting
F, |a(7) into (7) and performing partial fraction expansion
yields the following expression for the interference-limited
spectral efficiency.

Corollary 2: The Rayleigh fading-averaged spectral effi-
ciency of a given user in an interference-limited environment
can be expressed as

Ly my’ —1

Cn =logy(e) ) D

[O)
»351) |:an0:|mn 1
=1 i—1 (i =1 agf) mﬁf) —1

ifmg) ifmg)
o {%} _ [% 4 9Cmax _ 1}
on on

LTL 6(l> [ } ’"LE«LZ)

m(l) QnQ
+log,(e) —=n | —| In
12::1 (m;” - 1! aP

On the other hand, when the reuse distance is large such
that the CCI is negligible compared to noise, the system can
be modeled as a noise-limited system. Setting M = 0 in (11)
or (13), leads to the following corollary about the spectral
efficiency of a noise-limited system.

Corollary 3: The Rayleigh fading-averaged spectral effi-
ciency of a given user in a noise-limited environment (or an
isolated cell system) can be expressed as

a1 1 2Cmax _ |
Oy = logy(e)e ™7 [r (o, A_) T (o, i )] .
Yno Yno
(14)
u

Setting Cyax = o0 in the above equation and simplifying
leads to the result obtained previously in [23, eqn. (12)] for
noise-limited systems with unlimited constellation sizes.

B. Spectral Efficiency of Max-SINR Scheduler

While the RR scheduler ensures fairness among users, it
does so at the expense of a reduced overall system throughput.
The Max-SINR scheduler, on the other hand, serves the mobile
station with the highest SINR among all the users. Let yax =
max {71,72, - ,Y~} denote the maximum SINR among all
users at any instant. The average spectral efficiency of a system
with the Max-SINR scheduler is [c.f. (6)]

Y 1
CMSINR = 10g2 (6) 0 m(l -

(7) is the CDF of ~pax.

F’Ymax (’y))d77 (15)

where F.

Ymax
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1) Statistics of Ymax: To evaluate C,,q,, in (15), we first
need the CDF of 7y ax. This is derived below.
Lemma 4: The CDF of vy, is given by

N (%)
Fhu() =14 (-1) ZeXp OnkY)

n=1 =

x H (L+Ximy) ", (16)
1€SE(N,n) m=1

where 0, .: Ziesk(N,n) m, im = aim/aiOa and
Sk(N,n) is an n-element subset of the index set
{1,2,---,N}. The number of possible subsets is (17\[), and

k indexes all of these subsets.
Proof: The proof is given in Appendix C. [ ]
To facilitate the analysis, we define the following function:

1 M
(I)n,k(’Y) = T _ H H (1 + /\im'Y)71 .

1 A7)
T 1€SK(N,n) m=1

Furthermore, the product terms of the form (1 + /\iqu in
®,, () are partitioned into L(n, k) subsets, such that each
subset (of size m;(n, k)) contains all the terms with the same
value of \;,,. With the above book-keeping notation in place,
we have the following theorem about the average spectral
efficiency of the Max-SINR scheduler.

Theorem /: The average spectral efficiency expression for
a cellular system with /N users and the Max-SINR scheduler
in a Rayleigh fading environment is given by

N (M) L(n,k)
Clne = logs(€) Z )t Z Z A(n —my(n,k)
n=0 k=1 1=1
my(n,k
b Bz(l) (n7 k) my(n,k)—i 5nk
x 0 exp
i=1 (7’ - 1)' " )\l(n7 k)
. 5.
y r [z —my(n, k), —)\l(n’?k):|

; Onk Chax
-T {z—ml(n,k),m—l—énk(? —1)}
Here, 6, is defined in Lemma 4, and the coefficients
Bi(l)(n, k), fori=1,--- ,my(n,k), are given by
i—1

8,-)/2'71

B (k) = |1+ M(n, )™ PR, ()| a8)

_ 1
T=TNGR

Proof: The proof is given in Appendix D. ]

The above result simplifies considerably when the interfer-
ers are non-identical.

In an interference-limited environmejrvlt, the integrand in (15)

can be written as Zi\’:l(—l)”_l Z,(;)l @, 1 (y) when p —
oo. Performing partial fraction expansion of ®,, ;(7) and using
it in (15), we get the following interference-limited spectral
efficiency of the Max-SINR scheduler.

Corollary 4: The Rayleigh fading-averaged spectral effi-
ciency of an interference-limited cellular system with the Max-
SINR scheduler is given in (19) at the top of the next page.
|

In a noise-limited environment (or an isolated cell sys-
tem), the CDF of 7pyax can be simplified to: F, . (y) =

N
1+ Zi\':l(—l)" Zlgl)l exp (—d,x7)- Substituting it into (15)
leads to the following corollary.
Corollary 5: The Rayleigh fading-averaged spectral effi-
ciency of a noise-limited cellular system with the Max-SINR
scheduler is

N N
CMSNR = 10g2(6) Z(_l)n+1 eXp((Snk)
n=1 =
x [T(0,6n) — T (0, 0pk (29 —1))] . (20)
[

C. Spectral Efficiency of Proportional Fair Scheduler

The PF scheduler balances fairness and the use of multi-user
diversity to enhance cell throughput [12]. The PF scheduler
makes the base station transmit to a user who has the largest
value of the following normalized metric [13] ¢, = Zy—:,
where ¥, = F(v,) is the average SINR of the n-th user. The
value of 7, can be obtained at the scheduler through a time
averaging mechanism. It should be noted that alternate metrics
are possible for the PF scheduler. For example, the rate-based
metric C(7v,)/C(7s), with C(7,) being the instantaneous
spectral efficiency and C(v,) a moving window averaged
spectral efficiency, is used in [2], [14] (and the references
therein). The SINR-based metric and the original rate-based
metric share the same important characteristics, and allocate
almost the same portion of time slots to each user [13].

The n-th user is scheduled if ¢, > kI(I[lgE;X) (pr). Define
Ymax,n = max (py) as the largest metrfc of all other users

k,(k#n)
except user n. User n is scheduled if v, > ¥, ¢max,n. Thus,
the spectral efficiency of the PF scheduler is [13]

ZE

where C(v,) is defined in (5), and the expectation is per-
formed over the small-scale fading of all users.
Equation (21) can be expanded to the following form: C,, =

S o C@) @) P, () da, where F,,,., (@)
is the CDF of the RV ¢,y n, and takes the form

H Foy (@ H
(Rm) (K

Combining the above equations leads to

F o @—’“x) dz. (22)

Further analytical simplification is difficult due to the product
of various CDFs and a log function in C(z). The spectral
efficiency, therefore, needs to be evaluated numerically by
substituting (5), (8), and (9) into (22). However, closed-form
expressions can be obtained, as shown below, if we assume
that the scheduling metrics, {¢,}2_;, are independent and
identically distributed (i. i. d). This approximation makes

7n |’7n > Vn@max n} P(’Vn > vnwmax,n)y (21)

k\a ’ka

meax n

Cor Z/ ) frynla (@) kﬁl

(k#n)
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N () L(n.k) @Rl g0 By
C... =1 —1)n1 A k —my(n,k) |:)\ k my(n,k)—
MSINR Og2(6) 7;)( ) ]; ; l(na ) ; (Z — 1)' ml(n k’) — l(n )
@
_ ) i—my(n,k) Bm n,k (n7 k) )
+ ((n, k)1 9Cmex — 1) } + —(mll((n k?) i (14 N(n, k) (29 — 1)] (19)

intuitive sense because the fairness of the PF scheduler comes is

from the scheduling metrics being approximately identically N N I O
distributed. In addition, the scheduling metrics are obtained o 10g2 Z Z < ) Z < Ano > "

by normalizing the SINR with respect to their respective i = \ ol

mean values, which takes care of the different MS locations.
The accuracy of this i. i. d. approximation is validated by
simulation results in Section V.

Theorem 2: The short-term Rayleigh fading-averaged
spectral efficiency of the PF scheduler with the assumption
of i. i. d. scheduling metrics is given by

=0 Sy s (V)35 ()

=1

k ko (2Cme —
x|[0{ i, — |- T i—mgf>,A—+(A7
’?n Tnl Tn0

)i

where, as in Lemma 3, the M + 1 variables {cv,m }2_, are
partitioned into L, subsets, with each subset containing all
and only the variables with the same value ozn Without loss
of generality, let oo be in the first subset, i. e., ayng = aif).

Then 7" *1+k(mg) _ )1fl*1 and ) = km®, for

1 <1< L,, where mg) is the cardinality of the [-th subset
as defined in Lemma 3. The coefficient ﬁi(l) is

D

- J 1
(i — 1oyt ( an(ﬂ H<+an0 7)

m=0

Proof: The proof is given in Appendix E.

As before, the average spectral efficiency expression of an
interference-limited system can be obtained by letting p — oo,
and the integrand of the spectral efficiency expression in (7)

can be expanded as
—m®
L, ag) n
H 14+ —=x .
I—1 Qano

Performing partial fraction expansion of the product term in
the above expression leads to the following corollary.

1-FN@)] &
1+z Z

k=1

Corollary 6: Assuming that the scheduling metrics are
i. i. d., the Rayleigh fading-averaged spectral efficiency of
an interference-limited cellular system with the PF scheduler

i) — B B9, ) i—r (D i—rhlp
Z “> l(%) ! (%Hcm _ 1) ]
i—1 m —1 Qnl Qnl

B(l(l)(n, k) In {1 4 ool (2Cmex — 1)} } . (23)

Qno
|
In a noise-limited environment, the average spectral effi-
ciency is obtained by setting m = 0, and the result is as
follows.
Corollary 7: Assuming that the scheduling metrics are
i. i. d., the Rayleigh fading-averaged spectral efficiency of
a noise-limited cellular system with the PF scheduler is

108;2 ZZ( ) k 1em
n=0 k=1
Cmax
X {F (o,i) -T <o, kQA ﬂ YN
Yno Yno

|

No i. i. d. metric approximation is necessary for the special

case in which the SINRs of all users are i. i. d, i.e., Y5 = Yn,

VYn # k. In such a case, the spectral efficiency expression of
the PF scheduler simplifies to

Chors = / C(a)d
0

The above result is intuitively obvious since the the Max-SINR
scheduler is fair when all the users have the same average
SINR as all the users are served for the same average time
duration.

D. A Unified Spectral Efficiency Expression for All Schedulers

Based on the analysis so far, we can write a unified
expression for the spectral efficiency of RR, Max-SINR,
and PF schedulers. This provides further insights about the
performance differences among the different schedulers.

From (7) and (15), the spectral efficiency of all the three
schedulers is given by

N
F’Yk|04(x) = CMSINR‘ (25)

8!
— log, (e Z / ’ (2)dz,  (26)
where
1 —F, a(z), RR scheduler,
Gn(z) ={ 1—-FY (x), PF scheduler, (27)

1-F,...(z), Max-SINR scheduler.
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The following intuitively obvious corollary then follows.
Corollary 8: The spectral efficiencies of the RR, PF, and
Max-SINR schedulers are related by the following inequality:

Cp <C,. <C (28)

MSINR ?
where C,, = C,, if and only if the SINRs {v,})_, are
deterministic, and C,, = Cq if and only if the SINRs
{7} arei. i. d.
Proof: The proof is given in Appendix F. ]
The above analysis is based on the assumption that the
scheduler has perfect knowledge of the channel state informa-
tion. It is expected that channel estimation error in practical
systems will negatively affect the performance of the channel-
aware Max-SINR and PF schedulers, but will have negligible
impact on the channel-unaware RR scheduler.

IV. LONG-TERM SPECTRAL EFFICIENCY ANALYSIS
UNDER COMPOSITE CHANNELS

We now investigate the spectral efficiency when both small-
scale Rayleigh fading and long-term lognormal shadowing are
considered. For analytical tractability, we limit our analysis
to interference-limited systems in which the noise is negligi-
ble [4], [6]-[8], which is the case when the cellular systems
are operating closer to their peak capability. Define the SIR

as - s,

S
where S,, = auolgno|? is the received desired signal com-
ponent power, and I, = anm|gnm\2 is the power of the
co-channel interference from the m-th BS.

As before, we first analyze the statistics of the SIR of a
single user. Due to the combined effects of shadowing and
fading, the received signal power, S,,, and interference power,
I,m, follow a composite Rayleigh-lognormal distribution, for
which no closed-form pdf formula is available [24]. However,
it has been shown in [26] that the SIR, +,, can be accurately
approximated by a lognormal RV, 7,,, whose parameters are
determined using an efficient and flexible moment generating
function (MGF) matching method [17]. The CDF of the
lognormally distributed SIR, 7,,, can then be written as

101ogyo v — k3.,

O-;?TL

(29)

(30)

where Q(z) = \/%f:w exp(—yQ—Q)dy is the Gaussian-Q
function and Ihs, and Uzn are the dB moments of the
lognormal RV ,,. The values of p 5, and azn can be obtained
with the method described in [26].

A. Spectral Efficiency of the Round-Robin Scheduler

The average spectral efficiency, C,,, with a RR scheduler
is now obtained by combining (7), (10), and (30), as

L logye s~ [r 1 (log,y — ps,
Co="N2) 17905 dy. (1)
n=1 v

n

Since the Gaussian-Q function is itself an integral, the
average spectral efficiency expression in (31) requires a two-
fold integration. This can be simplified by using the fol-
lowing accurate and recent approximation that expresses the
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Gaussian-Q function [19] in terms of elementary functions
only:
R (1 — e*A“) e’

Qz) = —5 N

where A = 1.98 and B = 1.135 are obtained through an
optimization described in [19]. Using Q(z) = 1 — Q(—x),
for z < 0, we can simplify the representation of C,, by
combining (31) and (32). The final expression is a single finite
integral with only elementary functions in its integrand.
Alternate approaches have been used in the literature to
address the difficulty in analytically simplifying (31). In [6],
upper and lower bounds of the function log,(1+ ) are used.
However, the bounds are loose for small reuse distances.
The approximation logy(1 4+ ) =~ v was used in [I5].
However, this approximation works only for small values of
v. Using the approximation of (32) leads to a more accurate
characterization of the SIR over a wider range of its values.

, for x > 0, (32)

B. Spectral Efficiency of the Max-SIR Scheduler

The Max-SIR scheduler serves the mobile station with the
highest SIR. Let 4ax = max{91,72, -+ ,Jn} denote the
maximum SIR among all the users at any instant. From (30),
the CDF of yax can be written as

: _ al _ §log, v — p3,
F’Ymax (rY) - H 1 Q 9

ne1 OFn

(33)

where the equality follows because the SIRs {&n}gzl are
independent. After substituting (33) into (15), the spectral
efficiency of the Max-SIR scheduler upon averaging over
composite fading is

~ T N 1 — 5
CMS[RZIOgZ(e)/O 1 j_ 7{1_H|:1_Q (%)} } d’y.

n=1

The above expression can be simplified by using (32).

C. Spectral Efficiency of the Proportional Fair Scheduler
The PF scheduler serves the mobile station with the highest

scheduling metric @, = 4,/7,, where 3,, = E(,) is
the shadowing and fading-averaged mean of the SIR 7.
Assume, as before, that the metrics {gbn}ivzl are identically
distributed. This results in the following expression for the
spectral efficiency of the PF scheduler, which is obtained by

combining (26) and (30):

X/’YT 1 Q’“(flOge/y_M%)dv. (34)
o ~

05

n

Applying the Gaussian-Q function approximation in the above
equation yields an expression with a single integral.

It should be noted that the above spectral efficiency ex-
pressions are also applicable to systems operating in a noise-
limited composite fading-shadowing environment or in an
environment with only lognormal shadowing and no (or min-
imal) Rayleigh fading. In both cases, the only change in the
above analysis is the recomputation of s, and a?yn.
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Average Spectral Efficiency of a 7-Cell System

16
* Max-SINR (simulation) : : :

Max-SINR (analytical)

14 © PF (simulation)

- - PF (analytical)
v RR (simulation)

‘== RR (analytical)

Spectral Efficiency (bps/Hz)

8
Number of MS N

Fig. 2. Short-term Rayleigh fading-averaged spectral efficiencies of systems
with various schedulers.

V. NUMERICAL EXAMPLES

We now compare the analytical results with Monte Carlo
simulations and quantify the effects of the main system
parameters. A representative hexagonal cellular layout, shown
in Figure 1, with a reuse factor of 1 and up to two tiers of
interfering BSs is used. The pathloss exponent is assumed to
be 3.7 [1]. The dB standard deviation of all lognormal RVs is
o = 8. Unless otherwise specified, the k-th user is placed at a
distance of %R from its serving BS, where R is the cell radius,
and at an azimuth of %T’T Such a user placement scheme can
help understand the effect of different interference statistics
at different user locations. Each simulation point is generated
with 50,000 realizations of small-scale and large-scale fading.

A. Small-scale Rayleigh Fading-Averaged Spectral Efficiency

Figure 2 plots the spectral efficiencies of the Max-SINR,
PF, and RR schedulers for different numbers of users, NN,
in the cell. The SNR at the cell edge is p = 10 dB. As
expected, the spectral efficiency of the Max-SINR scheduler
increases most as N increases, since it benefits the most from
multiuser diversity, followed by the PF scheduler and the RR
scheduler. Notice that the simulation and analytical results
agree very well for all three schedulers. The analytical results
of the PF scheduler are obtained based on the approximation
that the scheduling metrics are i. i. d, while the simulations
are performed without such an assumption. The excellent
match between the simulation and analytical results verifies
the accuracy of this assumption.

The spectral efficiencies of the RR scheduler and the Max-
SINR scheduler in 1-sector, 3-sector, and 6-sector cells are
plotted in Figure 3 as a function of the SNR at the cell edge.
The number of users in the center cell is 10. The total system
bandwidth is evenly divided among sectors. One user in each
sector is scheduled at any moment. It is interesting to note
that sectorization has opposite effects on Max-SINR and RR
schedulers. Sectorization benefits RR scheduler by reducing
the number of CCIs. On the other hand, the performance
of the Max-SINR scheduler suffers from sectorization. This
performance degradation is because the bandwidth must be
shared by the best users in each sector, whereas the entire
bandwidth is allocated to the best user in a one-sector system.
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Average Spectral Efficiency in a 7-Cell System
16[ + 1 Sector (simulation) [T T T T
1 Sector (analytical)
o 3 Sectors (simulation)
14 - - -3 Sectors (analytical)
v 6 Sectors (simulation)
‘‘‘‘‘ 6 Sectors (analytical)

Max-SINR

Spectral Efficiency (bps/Hz)

4 6 8 10
SNR at cell corner u (dB)

Fig. 3. Short-term Rayleigh fading-averaged spectral efficiencies of the Max-
SINR scheduler and the RR scheduler with different number of sectors, as a
function of cell edge SNR.

Average Spectral Efficiency of PF Scheduler in a 3-Sector System

* 1—cell (simulation)
1-cell (analytical)

9 o 7-cell (simulation)
= = =7-cell (analytical)
v 19-cell (simulation)
‘‘‘‘‘ 19-cell (analytical)

Spectral Efficiency (bps/Hz)

3 I I I
0 5 10 15 20

SNR at cell corner u (dB)

Fig. 4. Short-term Rayleigh fading-averaged spectral efficiencies of the PF
scheduler with different number of CCls.

The reduction of CCI due to sectorization is not enough to
compensate for the capacity loss incurred by spectrum sharing
among sectors for the Max-SINR scheduler.

Figure 4 plots the spectral efficiency of the PF scheduler
in the absence of CCI, with only first-tier interferers, and
with both first- and second-tier interferers. Such second-tier
interferers can be easily included in our analysis since it is
not constrained by the assumption that they are identically
distributed. There are 15 users uniformly distributed in the
center cell. Each cell has 3 sectors. It can be seen that CCI
has a significant impact on the spectral efficiency for large
values of p. While the spectral efficiency of a noise-limited
system increases almost linearly with p (dB), it saturates for
p > 15 dB in the presence of CCIL. Not accounting for
the second-tier interferers overestimates the spectral efficiency
by 0.5 bits/sec/Hz when p = 20 dB. Notice again that the
simulation and analytical results agree very well.

To understand the relevance of small-scale fading averaged
spectral efficiency, Figure 5 plots the spectral efficiency of
the system averaged over a window of duration 1 second as a
function of time. This is done for a 7-cell, one-sector system
with 10 mobile users per cell, and a cell edge SNR of 6 dB. In
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Average Spectral Efficiency in a 7-Cell System
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Fig. 5. Short-term spectral efficiency of the system with faster time-varying
Rayleigh fading and slower time-varying lognormal shadowing as a function
of time when averaged over a window of duration 5 sec.

Average Spectral Efficiency in a 7-cell System
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Fig. 6.  Composite channels: Comparison of spectral efficiency results

from analysis (using different lognormal sum approximation methods) and
simulations for RR, PF, and Max-SIR schedulers.

the simulations, both Rayleigh fading and lognormal shadow-
ing occur and change with time, albeit at different time scales.
While Rayleigh fading decorrelates every time a user moves a
distance equal to the wavelength, lognormal shadowing has a
much longer time correlation. In this example, the correlation
for lognormal shadowing is generated as per the Gudmundson
model [27], with a time correlation coefficient of 0.8 over a
time period of 5 seconds. We see that the spectral efficiency
of the Max-SINR scheduler now changes with time and is
sensitive to time variations in lognormal shadowing. On the
other hand, the short-term spectral efficiencies of RR and PF
schedulers remain relatively flat.

B. Long-Term Spectral Efficiency for Composite Channels

We now consider spectral efficiency results for composite
fading statistics. We first study the case where there is no limit
on the modulation constellation size. Figure 6 plots the average
spectral efficiency as a function of the number of users per
cell when only first-tier interference is considered. The results
obtained by using the conventional Fenton-Wilkinson (F-W)
lognormal sum approximation [18] and by using the Gaussian-
Q function approximation employed are also shown. For a
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Fig. 7. Composite channels: Effects of constellation size limits on spectral

efficiency for RR, PF, and Max-SIR schedulers.

9-user system, the F-W method overestimates the spectral
efficiency by 10.6%, 17.3%, and 19.9% for the RR, PF, and
Max-SIR schedulers, respectively. However, using the MGF-
based lognormal sum approximation and the Gaussian-Q func-
tion approximation provides excellent agreement between the
simulation and the new analytical results for all the schedulers.
We also note that the F-W approximation is inaccurate.
Figure 7 shows the effects of constellation limits on the
system spectral efficiency. While the Max-SIR scheduler al-
ways outperforms the PF and RR schedulers, limitations on
the constellation size undercut its throughput advantage as the
Max-SIR scheduler quickly reaches the spectral efficiency cap.
While all schedulers benefit from having larger constellation
sizes for adaptive modulation and coding, the Max-SIR sched-
uler benefits the most and the RR scheduler benefits the least.

VI. CONCLUSIONS

We derived analytical expressions for the average spectral
efficiency of cellular systems for a wide range of sched-
ulers, in exact closed-form when averaging over Rayleigh
fading, or in a single integral form when averaging over
both short-term fading and long-term shadowing. The spectral
efficiency analysis for the Max-SINR/Max-SIR, PF, and RR
schedulers was sufficiently general to include the effects
of Rayleigh fading, lognormal shadowing, non-identical co-
channel interference, first- and second-tier interferers, and
limited modulation constellation size. Several of the above
aspects were not captured by previous works. Sample results
show that the impact of sectorization strongly depends on
the scheduler — while it is beneficial for RR scheduling, it
is detrimental for Max-SINR scheduling. We also found that
ignoring second-tier interference overestimates the achievable
spectral efficiency by about 0.5 bits/s/Hz. In general, our
results can be used as a benchmark for calibrating the results of
system-level simulators, and provide insights into the different
factors influencing area spectral efficiency.

APPENDIX
A. Proof of Lemma 1

Let n = 2%:1 | |? + % denote the denominator in the
SINR formula given in (4). As the numerator of the SINR
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expression is an exponential RV, the pdf of the SINR ~,, is
o gl
Fuie@) = [ Lo (- L) pyian. 69)
0 [e770) [e770)

where f,(n) is the pdf of 7. The form of (35) leads to an
alternate and convenient representation of f. |, () as:

1 0
frnla(v) = - My (s) ) (36)
! oo 0 s=—/tno
where M, (s) = [ e f(n)dn = TIY_, (1= apms) "es/?

is the MGF of 1, and can be easily calculated even though
n is the sum of not necessarily identical (but independent)
chi-squared RVs. Combining the above equations results in

8).

B. Proof of Lemma 3

Based on the subset partition described in Lemma 3 and
the CDF F,,_(v) from Corollary 1, the integrand of (7) can
be alternatively written as

1 L, Oé(l) —My
— I—F a = eXx — 1 _|_ L
T L Fala () p( pan0> g o
(37)

Expanding the product term of (37) in terms of partial
fractions, we can rewrite the right hand side of (37) as

m . —(m®P —it1)
exp (- pJno)ZL” Z" B Tamo]" [, , off !
L -2 1+
Ity - {ag)} an |

where a%), Ly, m;), and B are defined in the Lemma
statement. Substituting the above results in (7) leads to (11).

C. Proof of Lemma 4

The CDF of Yax is given by F,,__ (y) = Hivzl ()
where F, |,(7) is the CDF of the SINR of the n-th user.
Substituting the results of Corollary 1 into the expression for

E, .. (y) above, we have
=) (o)
v)] exp|—— —
Yo  Qno

Ymax
ano) Then,
o (V) = Hg:l(l — ay), which can be expanded
N

o Fy,. () =1+ 25:1(_1)n Zkiz [Lies, (v.n) @i» where
Sk(N,n), defined in the Lemma statement, is the k-th n-
element subset of {1,..., N}. The result in Lemma 4 im-
mediately follows.

N M
P =11 11 (
n=1 m=1

—1
Denote a,, = Hm 1 (1 + fnm ’y) exp (—%
we have F

D. Proof of Theorem 1

From Lemma 4 and (17), the integrand in (15) can be
written as

()
n 1 Z e_Unk’Y(I>n7k(’7)~

1-F

'Ymax

147 (38)

Ay

We then perform a partial fraction expansion of @, 1 ()
in (17), use it in (15), and simplify to get the result.
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E. Proof of Theorem 2

Assuming that ¢1,...,¢n are identically distributed im-
plies that the CDF of ¢max,n 1S

Fppen (@) = Fp 7 H(2) = (). (39)
From (39), we know that
N o
C, = Z / C(x) f%m(m)Fﬁ—cj (z)dz, (40)
n=1 0

which can be further written as C, =
% Zg 1 07T = [1 - FN|a( )} drx. The integrand

T+
} can be expanded as
Q)

L, (l) "
N _kx
1<k)6pén0H 1+_$

(0%
=1 n0

(41)

14+x [
N
> (-
k=1

Performing partial fraction expansion of the product term in
(41) leads to the result.

F. Proof of Corollary 8

We have 1 — F, 4(z) < 1 — FN| () because 0 <
F,,|a(x) < 1. Therefore, from (26), Cy, < C,,.. The equality
holds when F, |, (x) = 0 or 1. The arithmetic mean geometric
mean inequality implies that

1 N 1N
v > FY > ] Fjala) = v > F.(2), (42)
n=1 n=1 n=1
This implies that C,. < C,

e < Cueane» With equality occurring when
By la(@) = Ey, ja(@), Y 7 m.
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