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Abstract— The optimum sensor node density in a large linear
wireless sensor network with spatial source correlation is studied.
Unlike most previous works that rely on the design metric of
network capacity with an error-free communication assumption,
this paper performs analysis under a distortion-tolerant commu-
nication framework, where controlled distortion in the recovered
information is allowed as long as the information can be recovered
beyond a certain fidelity. The impacts of node density and spatial
data correlation on the information distortion are investigated
asymptotically by considering a large network with infinite area,
infinite node numbers, but finite node density. Under fixed energy
per unit area, it is discovered that: 1) for applications that only
need to recover data at discrete locations, placing exact one sensor
at the desired measurement locations will generate the optimum
performance; 2) for applications that need to recover data at
arbitrary locations in the measurement field, the optimum node
density is a function of the spatial data correlation.

I. INTRODUCTION

A wireless sensor network (WSN) provides autonomous
monitoring of physical or environmental conditions by using
a group of spatially distributed sensor nodes transmitting mea-
sured data to a fusion center (FC) [1]. Node density, i.e., the
number of nodes in a unit area, is a critical design parameter
for a WSN. Given a fixed transmission power per unit area, a
higher node density means less power per node but more data
samples per unit area. Such a trade-off relationship necessitates
the study of the optimum node density in a WSN.

There have been considerable works in the literature investi-
gating the impacts of node density on the network performance
with various performance metrics [2] - [6], [8]. The seminal
work by Gupta and Kumar [2] discovers that the per node
throughput in an ad hoc network scales with O (ﬁgl\f ,
with N being the number of nodes per unit area. The result
in [2] does not consider the spatial data correlation. Data
collected in the real world often contain redundancies due to
the spatial correlation inherent in the monitored object(s). In
[3], a Weiner process is used to model the spatial correlation
of a one-dimension field. It is demonstrated that, due to the
spatial data correlation, distortion-free communication can be
achieved even if the per node throughput tends to 0 as N—oo0.
The optimum node density maximizing the total information
under an energy constraint is obtained in [4]. The above study
is for peer-to-peer networks, where there are equal numbers of

sources and destination. For many-to-one networks such as a
WSN, the result is more pessimistic. It is demonstrated in [5]
that no compression scheme is sufficient to achieve distortion-
free communication in a many-to-one network.

The analysis in most of the previous works is performed
by using the design metric of network capacity, which is the
maximum throughput supported by a network with error-free
communication. In reality, a small amount of error might be
acceptable for certain applications [7]. In [8], the optimum
network density of a many-to-one linear network is studied by
using the detection error probability as the performance metric.
However, the result is only applicable to a system that performs
binary detection at the FC. More sophisticated detections might
be required by practical systems.

In this paper, we investigate the optimum node density in a
distortion-tolerant linear network with spatial data correlation.
In recognition of the distortion-tolerance of many practical
applications, we replace the commonly used network capacity
metric with a more realistic metric that measures the distortion,
i.e., the mean square error (MSE) between the recovered infor-
mation and the original information. Unlike the binary detection
scheme employed in [8], the FC attempts to reconstruct the
data from the sensors by exploiting the spatial data correlation
with the minimum mean square error (MMSE) receiver. The
impacts of node density and spatial data correlation on MSE are
investigated asymptotically in a large network with infinite size,
infinite nodes, but finite node density, and fixed power per unit
area. The analysis accurately captures the trade-off relationship
between signal-to-noise ratio (SNR) per node, which is inverse
proportional to node density, and spatial sample correlation,
which increases with the node density. Optimum node densities
for two types of networks, one needs to recover data only at
discrete locations, and one needs to recover data at arbitrary
locations, are identified through the asymptotic analysis.

II. PROBLEM FORMULATION
A. System Model

Consider an array of [N sensor nodes uniformly placed over
a length-L linear section with equal distance d between two
adjacent nodes, as shown in Fig. 1. The n-th node is placed
at a location with coordinate {,, = (n — 1)d. The system has
a node density of § = é. Each sensor will measure a location
dependent physical quantity, :(,,), such as vibration intensity

of a bridge, PH value in soil, etc. Data collected from two
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points that are close to each other are often strongly correlated
due to the spatial redundancy of the measured object. It is
assumed that the physical quantities to be measured form a
spatial random process that is wide-sense stationary (WSS) in
the spatial domain. It is normalized to unit variance with the
spatial domain auto-correlation function given by

Rys(l — 1) = E[z(l)z(l)] = pl 214, )]

where p € [0, 1] is defined as the spatial correlation coefficient,
and E(-) represents mathematical expectation.

et anb

0 d lo L

Fig. 1. The linear sensor network

Sensors deliver the measured data to the FC through an
orthogonal media access control (MAC) scheme, such as the
deterministic frequency division multiplexing access (FDMA),
or the random exponentially-interval MAC (EI-MAC) [9], such
that collision-free communication is achieved at the FC. The
signal observed by the FC from the n-th sensor node is

Yn = mx(ln) + Zn, (2)

where P, is the average transmission power of the n-th node,
and z, is the additive white Gaussian noise (AWGN) with
variance o2. The system model does not consider the effects
of fading or pathloss. The subsequent analysis can be easily
extended to systems with fading. It is assumed that the total
power per unit area is fixed at Fy. Given a linear network with

node density 4, the power per node is then P, = %.

B. Optimum MMSE Detection

The FC will obtain an estimate of the spatially continuous
quantity, z(l), VI € [0, L], over the entire measurement field,
by extracting information transmitted by the N sensors, y =

[y1, ,yn]T € RV*L where (-)T represents matrix transpose
and R is the set of real numbers. The MSE at location [ is
of =E[i(l) —x()]*,1 € [0, L] 3)

where Z(l) is the estimated data at the FC.
The optimum linear receiver that minimizes o7 is the MMSE
receiver described as follows [10]

j(l) =V Pnrl (PnRam + UzIN)_l Yy, (4)
where Iy is a size-N identity matrix, r; = E[z(l)x] =
[p\l|’ p\l—d\7 .. ’p|l—Nd|]T€R/N><1, and R,,=FE [XXT] cRNXN

with the (m,n)-th element being pl™"I4,
With the optimum MMSE receiver given in (4), the MSE o7
can be calculated as [10]

5 -1
ol =1-r] (Rm + IN> ry, 4)
7o
where 7y = % is the SNR per unit area. The MSE o7 given
in (5) is a function of the location I, the SNR Yo, the spatial
correlation coefficient p, and the node density J.

Given a fixed transmission power per unit area, the node
density, ¢, plays a critical role on the MSE 012. A smaller node
density means more transmission power per node, thus a better
SNR per sample. On the other hand, a smaller node density
means less samples per unit area, or smaller correlation among
the samples, and this will degrade the estimation accuracy.

In order to distinguish the opposite impacts of the node den-
sity on the SNR per sample and the spatial sample correlation,
we decompose the MMSE receiver described in (4) into two
steps as follows.

Definition 1: Two-Step MMSE:

1) The FC first obtains an estimate of the data at the sensor
locations: x, = [z(l1), - ,z(In)]T € RY*L, with a linear
MMSE receiver as

)A(s = WSTY» (6)

where %, = [2(I1), -+ ,2(Iy)]T is an estimate of x,. The
MMSE matrix W, € RY*YN is designed to minimize the
normalized MSE (NMSE):

1
oo = prtrace [E([%s —x[*)] ™

where trace(A) returns the trace of the matrix A, and ||a|| =
vaaT is the Ly-norm of the column vector a.

2) The FC obtains the estimate of a data at an arbitrary
location, Z(1), by interpolating X with the MMSE criterion,

(1) = wlik,, ®)

where the vector, wy € RY*1 is designed to minimize the
MSE o? = E [&(1) — z(1)]>.
Lemma 1: The two-step MMSE receiver described in Defi-
nition 1 is equivalent to the optimum MMSE given in (4).
Proof: In step 2, the MMSE vector wy,; that minimizes
le can be obtained through the orthogonal principal [10],
E{lwlx; — 2(1)]xT} = 0, and the result is

N oo —1
wy = El()x] [EGX)]
= VPur; (PaRyy + 021N "W, 9)
where (2) and (6) are used for the second equality. Combining
(6), (8), and (9) leads to (4). [ |

Decomposing the optimum MMSE of (4) into the two-step
MMSE in Definition 1 allows us to study the two opposite ef-
fects of the node density on the MSE separately. We investigate,
respectively, the impacts of the node density on the performance
of the two steps in the next two sections.

III. MMSE ESTIMATION AT SENSOR LOCATIONS

The asymptotic behavior of the MMSE estimation of the data
at the sensor locations as described in (6) is discussed in this
section.

A. Asymptotic Analysis

For the MMSE estimation described in (6), the optimum W
that minimizes the NMSE, oi ~» can be found through the
orthogonal principal, E [(X4 — x5)y] = 0. The result is

W = /PRy (PRos +0%1) (10)

978-1-4244-5638-3/10/$26.00 ©2010 IEEE



This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2010 proceedings.

The error correlation matrix, R.. = E [eseﬂ, with e; =
Xy — Xg, can then be calculated as

70
where the orthogonal principal is used in the first equality, and
the second equality is based on the identify D~ +D~'C(A —
BD!C)"'BD!=(D-CA"'B)"%.

The NMSE can then be calculated as 02 = ytrace(Ree).
From (11), the calculation of the NMSE involves matrix in-
version and the trace operation. In order to explicit identify
the impacts of node density and spatial data correlation on the
NMSE, we resort to the asymptotic analysis by letting N — oo
while keeping a finite node density J. The results are presented
as follows.

Proposition 1: When N — oo while keeping a finite J, the
NMSE of the estimated data at the sensor locations is

5\ - -1
Ree:wa_sz (sz + I) RII:(Rz_le'_%IN) ) (11)

2
dyop?

2
02 = lim o2, = (1+E) + (12)
5

N—oo )

1—ps
Proof: Performing the eigenvalue gecomposition of R,
in (11), we can rewrite the NMSE as

1L /1 v\ !
2 = = .1
O—S’N_NZ<)\"+ 5) )

n=1

13)

where ), is the n-th eigenvalue of R,,. Based on Szego’s
Theorem [11], when N — oo, (13) can be rewritten as

. 1 g 1 Yo -t

2 2

— 1 Y e 14
%s T NI TSN T op /_ﬁ L\(w) M } w, U4
where A(w) = 32> _ plnlde=ine i the discrete-time Fourier

transform (DTFT) of the sequence, { p‘"'d}n, which are ele-
ments of the Toeplitz matrix R,,. The DTFT, A(w), can be
calculated by

1— p2d
A = . 15
() 1+ p2d —2pd cosw (15)

Substituting (15) into (14) leads to

-1
1 [ [1+p%—2ptcosw 7o
2 _

Og —% - I: 1—p2d ? dw. (16)

The above integral can be solved by using the identity [12,
eqn. (2.553.3)]
1

1 (7 1
o [ﬂ (a+bcosw)  dw = N
Combining (16) with (17) leads to (12). [ |
The opposite effects of node density on the NMSE are
manifested in (12), where the asymptotic NMSE is explicitly
expressed as a function of the node density and the spatial
correlation. From (12), the node density affects the Nl\/gSE in

the form of two functions, f1(d) = 3¢, and f>(0) = o3

1—ps
The asymptotic NMSE, af, increases as either of the two

functions decreases. The first function, f;(d), can be interpreted

a7

as the SNR per node, which is inverse proportional to J.
Thus f;(9) translates a positive correlation between ¢ and the
NMSE. The second function, f2(d), is related to the spatial
correlation among sensors, and it is an increasing function of
d. Hence, f>(0) translates a negative correlation between § and
the NMSE. As analyzed above, J exhibits two opposite effects
on NMSE through f; () and f2(4). For the estimation of data at
the sensor node locations, it is shown in the following corollary
that the effects of the SNR per node, f1(9), dominates that of
the spatial correlation, f2(d).

Corollary 1: The asymptotic NMSE given in (12) is a mono-
tonic increasing function of the node density, 6.

Proof: From (12), it is equivalent to show that ¢;(d) =

(14 vod)? + 47@[% is a monotonic increasing function of
d = 4. Taking the first derivative of g1 (d), we have

2%
m X g2(d,v0),

where go(d, o) is defined as
g2(di0) 2 (1-p*) {1+0d) +224(1-p*!)+4d log (p)p>* (19)

From (18), in order to prove gj(d) > 0, it is sufficient to
prove that g2(d,0) >0 because g2(d,vo) > g2(d,0). Let v =
p*? € ]0,1], then g2(d,0) can be rewritten as

g1 (d) = (18)

93(v) 2 g2(d,0) =1 —v*> + 2vlog(v), 0<v<1 (20)

It can be easily shown that g§(v)=2(2 — 1) > 0,Vv € [0, 1],
therefore gs(v) is quadratic on [0, 1] with the minimum value
obtained at the solution of g4(v) = —2v + 2log(v) + 2 =
0, which is v = 1. Substituting v = 1 into (20), we have
min{gs(v)} = 0. Therefore, g2(d,v0) > g2(d,0) = g3(v) > 0,
and this completes the proof. |

B. Optimum Node Density

The result in Corollary 1 indicates that, the NMSE for
estimating data at the sensor node locations can benefit from a
smaller density. Therefore, if we only want to obtain the data
at some discrete locations, we should use a node density that
is as small as allowed by the application, i.e., placing exactly
one sensor at each desired measurement location will obtain
the optimum performance.

Fig. 2 shows the asymptotic NMSE as a function of the node
density, d, under various values of the spatial correlation coeffi-
cient, p. The SNR per unit area is 9 = 10 dB. The simulation
result is obtained by using N = 1,000 nodes to approximate
infinite nodes. In the simulation, data samples are assumed to be
a Gaussian process with zero mean and spatial auto-correlation
function given in (1). Good agreement is observed between
the asymptotic analytical results and the simulation results. As
pointed out by Corollary 1, the NMSE increases monotonically
as J increases, indicating the dominance of the SNR per node
over the spatial correlation.

In addition, it can be seen from Fig. 2 that the NMSE
approaches a constant value as § — oo. This indicates a
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Fig. 2. The asymptotic NMSE as a function of the node density 6.
balance between the opposite effects between f1(d) and fo(d)
as § — oo. This is corroborated by the following corollary.
Corollary 2: For the estimation of the data at the sensor
locations, the asymptotic NMSE is upper bounded by
2%

% < [l_ log(p)]z

Proof: Eqn. (21) can be directly proved by setting
lims_ 02 in (12). ]
The NMSE upper bound is determined by the spatial cor-
relation and the SNR per unit area. The result in Corollary 2
indicates that when § becomes large enough, the impact of the
SNR per node is balanced by that of the spatial correlation.

2y

IV. MMSE SPATIAL INTERPOLATION

The impacts of the node density on the spatial interpolation
as described in (8) are investigated in this section.

A. Asymptotic Analysis

Once the estimates of the data at the sensor locations are
obtained, they can be interpolated to obtain an estimate of the
data at an arbitrary location in the measurement field.

As discussed in Definition 1 and Lemma 1, MMSE spatial
interpolation can obtain the optimum performance, with the
minimum MSE o7 given in (3). The MSE given in (3) depends
on the location [. Since we are interested in the reconstruction
fidelity of the entire measurement field, here we will consider
the worst case scenario by estimating the data located in the
middle between two consecutive sensors, with coordinate [y =
Iy, + %, as shown in Fig. 1, when N — oo.

It is difficult to express o7 in (3) as an explicit function of 4.
To explicitly investigate the impact of the node density on the
reconstruction fidelity, we will resort to a sub-optimum MMSE
algorithm by only using the estimated data from the sensor that
is the closest to the measurement point as

2(lo) = wiy2(lk),

where #(l) is the k-th component of X estimated from (6).
Since the spatial correlation among the sensors has been taken
into consideration during the estimation of (), it is expected

(22)

that estimating x(lp) from its closet sensor, Z(l};), will have a
similar performance as estimating x(lp) from all the sensors,
Xs. This statement is verified through numerical examples in
the next subsection.

Based on the orthogonal principal,
E{{wi,Z(lx) — x(lo)] Z(l)} = 0, the value of wj;, that
can minimize the MSE is w;,, = 74 - 7";1 where

Ty = E[l‘(l()).’i‘(lk)], and T = E[i"(lk).’i'(lk)] The MSE,
op = E[(wi,2(Ix) —295(10)]2 czn belcalculated by
1

Oy = T2iT35

(23)
Denote e(ly) = Z(lx) — z(Ix), then r,z can be expressed as

rze = Elx(lo)x(lk)] + E[z(lo)e(lr)]

where r,. = E[z(lx)e(lx)], and the approximation
E[z(lp)e(lx)] =~ Elx(lo)xz(lx)]rze is used in the derivation.
The approximation makes intuitive sense because it calculates
Elz(lp)e(lx)] by scaling Elz (I, )e(l)] with p& to account for
the % distance between [ and ly. Numerical examples show
that the approximation is reasonably accurate.

The terms 7. and r;; are related to step one of the
estimation, and they can be asymptotically calculated as

~p% (14 715e),  (24)

Poe = ]\}gnw Ntrace (Rse) (252)
. 1
ris = ]\}Enoo Ay trace (Riz) , (25b)

where R, = E [x.e
orthogonal principal, it is easy to show that R;;
and R, = —Ree

7], and Rs; = E [%,x]]. Based on the
Rwaz Ree
Therefore we have r,. = —o2, and
rse = 1 — (T %, where O’ is the NMSE in Propos1t10n 1. The
identity hrnNHOO Ntrace = 1 f A(w)dw = 1, which
is derived from Szego’s Theorem [1 1] is used 1n the derivation,
with A(w) being the DTFT of pl™¢ defined in (15).

Combining the above results with (23) and (24), we have an
approximation of crlz as

62 =1-p3(1—g?). (26)

Since both o2 and p% are monotonic increasing functions
of 4, it is easy to see that 6120 is a monotonic decreasing
function in §. This can be intuitively explained by the fact that
spatial interpolation depends mainly on the spatial correlation
among the data samples, and a higher density means a stronger

correlation among the data samples.

B. Optimum Node Density

The result in (26) is plotted in Fig. 3 as a function of §
under various values of p. In order to verify the accuracy
of the approximation, also shown in the figure are the exact
optimum MSE obtained from (5). It can be seen from the figure
that (26) gives a reasonably good approximation of the exact
optimum MSE, and the approximation becomes more accurate
as p increases.

In addition, it can be seen from the figure that, when ¢ is
small, the MSE decreases dramatically as ¢ increases. When
0 reaches a certain threshold, no apparent performance gain
can be achieved by increasing ¢ further, i.e., the slope of 6120
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Fig. 3.  Comparison of the exact optimum MSE with the approximated sub-
optimum MSE

approaches zero as § increases. Therefore, the optimum node

density can be chosen as the point such that

2
8;;“ ‘ < ¢, with
€ being a small number.

Fig. 4 shows the optimum node density as a function of
the spatial correlation coefficient. The optimum node density
ooty | _
7| = &
with € = 1072, The results in this figure demonstrate thgt the
optimum node density decreases as p increases. Therefore, a
smaller density is required for a field with stronger spatial
correlation.

The MSE in (26) is lower bounded as stated in the following
corollary.

Corollary 3: The following relationship holds for o2 and (}120

1

-2
52 > (1 — > g2
%—< 1%w> =

Proof:  Since 6120 is a decreasing function of ¢, its
minimum value can be obtained by letting 6 — oo in (26),
and (27) follows immediately. |

The result in (27) indicates that 6120 is always bigger than
o2 and they converge when § — oo. This can be explained
by the fact that the estimation of z(ly) is based on Z(l),
thus the fidelity of #(lp) can not exceed that of Z(l). This
result further corroborates that, for the estimation of data at
a discrete location, a sensor node needs to be placed at the
desired location to ensure the optimum performance.

is obtained by numerically solving the equation

27)

V. CONCLUSIONS

In this paper, the optimum sensor node density for a large
linear distortion-tolerant WSN with spatial source correlation
was studied. The impacts of the node density on the MSE of the
data reconstructed at the FC were investigated through asymp-
totic analysis, where the number of nodes tends to infinity while
the node density remains constant. There were two observations
from the analytical results. First, if the network only needs to
estimate spatially discrete data, placing exactly one sensor at

—— SNR=0dB
- - -SNR=10dB
1 - - SNR=20dB 7

Optimal Density

Fig. 4. Optimum node density v.s. spatial correlation coefficient

the desired measurement locations will generate the optimum
performance. Second, for the estimation of the data at arbitrary
locations in the measurement field, the optimum node density
can be found when the MSE-density slope is close to zero,
and the optimum density decreases as the spatial correlation
coefficient increases.
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